On the deformation theory of E..-coalgebras

Florian Riedel
October 16, 2026

Abstract

We show that, for any prime p and any space X, the F,-chains C.(X;F,) admit a unique
and functorial lift to an Es-coalgebra in the oco-category of p-complete connective spectra,
given by the p-completed suspension spectrum (£5°X);. We do this by introducing a notion
of formally étale coalgebras and prove that the coalgebraic right adjoint to base change along
the map S, — F, is fully faithful when restricted to formally étale coalgebras. We conclude
by showing that the F,-chains C.(X;F,) are formally étale, by reducing to the case of an
Eilenberg-MacLane space X = K (F,,n) and using an explicit presentation of the coalgebra
Cy(K(Fp,n);Fp) via power operations.
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1 Introduction

Overview

Let X be a space and throughout fix a prime p. We want to compare two different invariants
associated to X, namely the F)-chains IF,,[X] and the p-completed suspension spectrum EfXZ’)\ =
S[X],. The former can be recovered from the latter as the base change

S[X]) © F, ~ F,[X],

but on the level of spectra, there is generally no canonical way to go back.!

However, we can rigidify this situation by considering additional structure on the chains.
Namely, for any Eo.-ring R, the R-valued chains R[X] come equipped with the structure of an
E,o-coalgebra, induced by the diagonal map A: X — X x X. Our main result is that, as an
E-coalgebra, the p-completed suspension spectrum is completely determined by the IF,-chains:

Theorem A. For any X € 8, the space of lifts of F),[X] to an E-coalgebra in the category of
p-complete, connective spectra is contractible, with unique point given by S[X ]Q Moreover, for

any A € cCAlg(Sp;n’A) the base change along the map S — F,, induces an equivalence

Ma'chAlg(Sp;n’/\)(Aa S[X]ﬁ) = MachAlg(Mod]gz) (AR F,, Fy[X]).

1For example, as a module the homology Fo[RP?] admits two different lifts to the 2-completed sphere, given
by S[RP2]% and the split complex S & %255




We prove Theorem A by inductively lifting first from F, to Z, along the p-completion tower
and then from Z, to S;,\ along the Postnikov tower. A peculiarity of categories of coalgebras is
that they admit somewhat mysterious right adjoints, and one of them plays a crucial role in our
story. Suppose we have a map of connective E,.-rings f: R’ — R. Since the base change functor
f* is symmetric monoidal and preserves colimits, the adjoint functor theorem provides us with
an adjunction:

£ cCAlg(Mod%r) = cCAlg(Modg) : f«

We call f, the Weil restriction along the map f: R’ — R.?> Now given a connective R-module I,
write s;: R — R @ I for the O-section of the split square zero extension with fiber I. We define
a coalgebra

Da(l) = (s1)«(s1)"A € cCAlg(Mody)

as the Weil restriction of the trivial lift of A to a coalgebra over R & I. This coalgebra comes
equipped with a “universal derivation” ma: D4(I) — A, as well as a section e4: A — D 4(])
induced by the map R & I — R. This allows to define a class of coalgebras whose associated
deformation problems are uniquely solvable.

Definition 1.1. A coalgebra A € cCAlg(Mod§') is called formally étale if the universal deriva-
tion ma: Da(I) — A is an equivalence for any perfect connective R-module I. We denote by
cCAlg(Mod®)fé the full subcategory spanned by the formally étale coalgebras.

With this in hand, the proof of Theorem A breaks up into two parts. The first is to show
that formally étale coalgebras lift uniquely and functorially against square zero extensions. More
precisely, let k be a perfect F,-algebra and denote by W(k) the spherical Witt vectors of k as
in [Lurl8b]. For an E.-ring R denote by Mod% the category of p-complete R-modules equipped
with the symmetric monoidal structure given by the p-completed tensor product. We show that
Weil restriction of formally étale coalgebras along W(k) — k behaves like a coalgebraic version
of the spherical Witt vector construction.

Theorem B. Weil restriction along the natural map W(k) — k defines a fully faithful functor

Ry /k : cCAlg(Mod™)™ — cCAlg(1\40d\§§;(’,3))fét :

such that for any A € cCAlg(Modj")™" the Weil restriction Ryy(x)/x(A) is, up to contractible

choice, the unique coalgebra in Mod@v’(c,?) with an equivalence Ryy(x)/1(A4) ® k ~ A.

In fact, a variant of this holds very generally for Weil restriction of formally étale coalgebras
along any pro-nilpotent thickening of connective E..-rings R’ — R, see Proposition 4.19 for a
precise statement.

The next step is to verify that the k-chains of any space X € § are formally étale. We show
that this claim can be reduced to the case where X = QX" F, is an Eilenberg-MacLane space.
In this situation, work of Bachmann-Burklund [BB24] shows that for any field k of characteristic
p and any n > 1 we have a pullback square in cCAlg(Modj") of the form:

E[Q®SnF,] — C(S"k)

| o

k——— CW(Sk).

Here C) denote the cofree coalgebra and id —F' is the Artin—Schreier map parameterizing the
power operation id —P? acting on m_, AV of any k-coalgebra A. This is the dual picture to the
pushout square on cohomology of Mandell in [Man01], which was utilized by Lurie in [Lurll] to
prove that the [F)-cohomology of an arbitrary space is formally étale. The pullback diagram tells

2Note that, since restriction of scalars is in general only laz monoidal, the right adjoint is not computed
underlying.



us that the homology of an Eilenberg-MacLane space is cofree up to one “co-relation”. Since Weil
restriction preserves cofree coalgebras, we show that the co-relation F' = id forces the coalgebra
E[Q°°X™ F,] to be formally étale, which allows us to prove our third theorem.

Theorem C. For any field k of characteristic p and any space X € 8 the coalgebra k[X] €
cCAlg(Mody") is formally étale.

Having seen this, our Theorem A is now immediate by combining Theorem B with Theorem C
and in fact still holds if we replace ), by any perfect field k of characteristic p and the sphere
S by the spherical Witt vectors W(k).

Recall that a space X € 8§ is called p-complete if it is local with respect to the functor
Fp[=] : 8§ — Modr, and denote by 8, C 8 the full subcategory spanned by the p-complete
spaces. Moreover, call a space nilpotent if for each © € mpX the fundamental group m (X, )
is a nilpotent group which acts nilpotently on the higher homotopy groups. Write S;”p for the
category of p-complete nilpotent spaces. Combining Theorem A with [BB24, Theorem 1.2] we
also deduce the following spherical, coalgebraic variant of the main theorem of [Man01]:

Corollary 1.2. Let k be a perfect, separably closed field of characteristic p with spherical Witt
vectors W (k). The p-complete W(k)-homology functor

8olP — cCAlg(Modygyy) X — W(k)[X])

is fully faithful. In particular, for any nilpotent space X we have a natural equivalence

X} = Mabecaigy,,, (Wk), W(R)X];).

It would be pleasant if we could replace W(k) by S; in Corollary 1.2 as well. However, on

the nose this not possible as we need to keep track of descent data. In upcoming work, we plan

to identify this descent datum with the coalgebra Frobenius, a dual notion to the Tate Frobenius

of [NS17] and construct and embedding of Sg“p into coalgebras cCAlg(SpZA)) equipped with a

trivialization of the Frobenius action. This would dualize work of Yuan carried out in [Yual9]
and allow for dropping the finiteness assumptions necessary therein.

Outline

We proceed along the following structure: In Section 1 we recall the definition and basic properties
of E.-coalgebras and discuss some relevant coalgebraic right adjoints. In Section 2 we review
the setup of deformation theory developed by Lurie in [Lur12] and [Lurl7]. We recall the notions
of square zero extensions of E,.,-rings and discuss cohesive and nilcomplete functors. We then
define the tangent complex of a cohesive functor and give proofs of some important facts about
its behavior. In Section 3 we prove that the moduli of coalgebras are cohesive and thus we can
analyze them using the machinery discussed in the previous section. We then introduce formally
étale coalgebras and prove that they can be lifted uniquely and functorially against square zero
extensions. In Section 4 we show that the F,-homology homology of any space is formally étale.

Conventions

Throughout the text, we use the following conventions:
1. By category we always mean (0o, 1)-category and refer to (1, 1)-categories as 1-categories.

2. We choose three nested Grothendieck universes U C V C ‘W, and refer to categories built
from them as small categories, categories and large categories, respectively. We denote by
Cat, the large category of categories and disregard size issues from here on out.

3. We denote the category of spaces by 8§ and the category of spectra by Sp.



4. If A, B are objects in some category C, we use the words map and morphism A — B
interchangeably to mean a point in the mapping space Mape(A, B) € 8. If moreover
C is a stable category, we regard it as enriched over the category of spectra and write
mape (4, B) € Sp for the mapping spectrum.

5. By (co)algebra we always mean E..-(co)algebra. If we want to refer to a 1-categorical
version of some gadget we call them discrete.

6. For a category € and some n > 0, we write C&" = Mapc,; (A", €) for the space of
n-simplices in C.
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2 Generalities on coalgebras

In this section, we recall the definition E.,-coalgebra in a symmetric monoidal category € and col-
lect some general facts about categories of coalgebras. Crucially, if € is a presentably symmetric
monoidal category, then the category of coalgebras cCAlg(C) is presentable. Since the forgetful
functor cCAlg(€) — € moreover commutes with colimits, for any colimit preserving, symmetric
monoidal functor € — D, the induced functor cCAlg(€) — cCAlg(D) admits an “unusual” right
adjoint. We discuss several examples of these adjoints. Most crucially for us is the case where
the left adjoint is given by base change along a map of (connective) Eoo-rings, in which case we
refer to the right adjoint as Weil-restriction.

Coalgebras in an arbitrary symmetric monoidal category are defined in terms of algebras in
the opposite category. In light of this, let us begin by gathering some basic facts about algebras.

Definition 2.1. For any symmetric monoidal category C, we denote by CAlg(C) the category
of En-algebras in €. For € = Sp we write CAlg(Sp) = CAlg and refer to objects of CAlg simply
as Eo-rings.

Proposition 2.2. Let (C,®) be a symmetric monoidal category, then the following statements
hold:

1. The forgetful functor Ue: CAlg(C) — € is conservative and commutes with limits.
2. The coproduct of two algebras R, S € CAlg(C) is given by the tensor product R ® S.

3. If € is presentable and — ® — commutes with colimits in both variables separately, then
CAlg(C) is presentable as well.

Proof. The first claim is a combination of [Lurl7, Lemma 3.2.2.6] and [Lurl7, Corollary 3.2.2.5].
The second is shown in [Lurl7, Corollary 3.2.4.7] and the third is [Lurl7, Corollary 3.2.3.5]. [

Definition 2.3. Let C be a symmetric monoidal category and equip its opposite category C°P
with the inherited monoidal structure. The category of E,.-coalgebras in € is defined as

cCAlg(C) := CAlg(C°P)°P.



Lemma 2.4. Let C be any symmetric monoidal category, then the following hold:
1. The forgetful functor Ue: cCAlg(C) — € is conservative and commutes with colimits.
2. The product of two coalgebras A, B € cCAlg(@) is given by A ® B.

3. If € is presentable and — ® — commutes with colimits in each variable separately, then
cCAlg(C) is presentable.

Proof. The first two claims are immediate from Proposition 2.2 and the third is the content
of [Lurl8a, Corollary 3.1.4]. O

The third claim in Lemma 2.4 is in some sense an analogue of the classical theorem by
Sweedler that every coalgebra in the 1-category of vector spaces over a field is a filtered colimit
of its finite dimensional sub-coalgebras, see [Swe69]. However, unlike in the classical situation,
we cannot deduce that ¢cCAlg(C) is compactly generated if € was compactly generated. For
example, as discussed in [Lurl8b, Warning 1.2.15], the terminal Q-coalgebra Q is not a compact
object of cCAlg(Modg). This is one of the main defects the category of coalgebras has over the
category of algebras.

Definition 2.5. Let C be a presentable, symmetric monoidal category such that the tensor
product commutes with colimits in each variable separately. Since by Lemma 2.4 the forget-
ful functor Ue: c¢CAlg(C) — € commutes with colimits and ¢CAlg(€) is presentable, [Lur08,
Theorem 5.5.2.9] implies that it admits a right adjoint

Ce: C — cCAlg(0).
For any E € C we call Ce(E) the cofree coalgebra on E.

We will also make repeated use of the following lemma, which say that forming the category
of coalgebras commutes with limits of categories.

Lemma 2.6. Let Catg% denote the (large) category of symmetric monoidal categories and sym-
metric monoidal functors between them. The functors

Cat® — Caty, € CAlg(C),
Cat? — Cats, €+ cCAlg(C)
commute with limits.

Proof. The first follows from the fact that the category CAlg(C) is naturally identified with the
category of symmetric monoidal functors Fun® (EZ , €) where E€ denotes the monoidal envelope
of the E,-operad. For the second functor, we simply observe that it is given by the composition

(=) CAlg(-) (=)
Cat® Cat2 Catoo —— Cateo,
which immediately implies the claim, since (—)°P is an equivalence of categories. O

Definition 2.7. Let Pr denote the (large) category of presentable categories with colimit
preserving functors between them. We equip the category Pr with the Lurie tensor product,
see [Lurl7, Proposition 4.8.1.15], and call CAlg(Prl) the category of presentably symmetric
monoidal categories.

Lemma 2.8. The natural functors CAlg(PrY) — Pr" — Cat,, commute with limits.

Proof. The first is an instance of Proposition 2.2 and the second is [Lur08, Proposition 5.5.3.13].
O



Since colimits of coalgebras are computed underlying and the categories of coalgebras in pre-
sentably monoidal categories are again presentable by Lemma 2.4, colimit preserving symmetric
monoidal functors often admit interesting® right adjoint functors on the level of coalgebras. Let
us discuss some examples of this phenomenon.

Example 2.9 (Connective covers). Let € € CAlg(Pr") be stable and equipped with a t-
structure, such that C>( is again presentable and closed under colimits and tensor products.
Then, the inclusion functor i: € — € defines a map in CAlg(Pr"). Thus, it induces a functor
i: cCAlg(€C>p) — cCAlg(C) that in turn by [Lur08, Theorem 5.5.2.9] admits a right adjoint,
which we denote

7$8: cCAlg(C) — cCAlg(Cxp).

Since connective coalgebras form a full subcategory, it is true that T%AO (A) ~ A whenever Ue(A) €
C>¢. In general, Ue (TE‘%A) need not agree with the underlying connective cover m>oUe(A).
Note that, since the inclusion of the connective coalgebras is computed underlying, the

coalgebraic connective cover commutes with cofree coalgebras. More precisely, we have that
TE%CC(E) ~ Ce.,(T>0F) for any E € C.

Example 2.10 (Weil restriction). Fix some functor C_: CAlg™ — CAlg(Pr") and write
f*: Cg — Cg for the functor induced by a map of connective E,-rings f: R — S. Since
f* is a map in CAlg(Pr"), it admits a lax symmetric monoidal right adjoint fi: Cs — Cr*. We
think of f* - fi respectively as base change and restriction along f. Moreover, the induced
functor on coalgebras f*: cCAlg(Cr) — cCAlg(Cs) also admits a right adjoint

fv: cCAlg(Cg) — cCAlg(CRr),

which we call Weil restriction along f.

Note again that, since f* is computed underlying, f. preserves cofree coalgebras, meaning for
every F € Cg we have a natural equivalence f.Cs(E) ~ Cr(fiF). In particular, for the terminal
coalgebra 1e, we have that f,le, >~ le,.

Example 2.11 (Duality). For any C € CAlg(Pr") write
mape(—, —): CP xC—C

for the internal mapping object functor. This functor inherits a natural lax monoidal structure
with with respect to the pointwise monoidal structure on C°P x € and thus induces a functor

mape(—, —): CAlg(C°? x €) ~ cCAlg(C)°? x CAlg(C) — CAlg(C).
In particular, evaluating at the unit 1e € € and applying the involution (—)°P, we get a functor
()Y == mape(—, le) : cCAlg(C) — CAlg(C)°P.

Since colimits of coalgebras and limits of algebras are computed underlying, the functor (—)Y
preserves colimits. Thus, by the adjoint functor theorem [Lur08, Theorem 5.5.2.9], we get an
adjunction:

(—)Y: cCAlg(C) = CAlg(C)°P :(—)°.

Given A € cCAlg(C) and R € CAlg(C), we call AV the dual algebra of A and R° the pre-dual
coalgebra of R.

If the underlying object of R € CAlg(C) is dualizable, then the dual RY also inherits a natural
coalgebra structure. In fact, this construction agrees with R° as we will see in Corollary 2.14.

3In the sense that they are not computed underlying.
4This notation is somewhat non-standard and unfortunate, however the functor fi will not feature prominently
in what follows. Hence, we opt to to use the more natural f. for the coalgebraic right adjoint instead.



Proposition 2.12. Let € be a symmetric monoidal category and denote by C° the full subcat-
egory spanned by the dualizable objects. The functor

cCAlg(€2)°P =5 CAlg(CY) A AY

is an equivalence of categories with inverse taking R € CAlg(C?) to the dual RV with the induced
coalgebra structure.

Proof. This is immediate from [Lurl8a, Proposition 3.2.4]. O

For a functor F': € — D and a object A € C, say that F'is fully faithful at A if the natural
transformation Mape(A, —) — Mapy, (F(A), F(—)) is an equivalence.

Lemma 2.13. Let C,D be symmetric monoidal categories and F': € — D be a lax symmetric
monoidal functor. Suppose we have R € CAlg(€) such that F is fully faithful at each tensor
power R®™ € C for n > 0. Then the natural map

F
Mapcag(e) (22, S) — Mapcaig () (F(R), F(S))

is an equivalence.

Proof. Since F is lax symmetric monoidal, it induces a map of oc-operads

e® £e e
I

Fin,

which takes any (Aj,...,A,) € C%w to the point (F(A1),...,F(Ay)) € D%W Write I'(p) and
T'(¢) for the category of sections of p and ¢, respectively. With this notation, a commutative
algebra structure on some R € C is precisely given by a section sg € I'(p) which takes (n)
to (R,...,R) € C(, and maps inert morphisms to inert morphisms. Let ¢: (n) — (m) be a
morphism in Fin, and denote by p;: (m) — (1) the unique inert map which sends ¢ — 1. For
each ¢ we have a factorization

(n) 5 (ki) = (1)

of p; o ¢ into an inert map 1; and an active map m;. Then for each B = (By,...B,,) € C® we
get equivalences

MapZs (sr((n)), B) =[] Mapgs?((R,..., R), B)

i=1,....m

H Mape(R®", B;)

R

i=1,....m
~ [] Mapy(F(R)®", F(B;))
i=1,....m

R

T[T Maphie? (F® o sp)((n)), F(B:))
i=1,...m

~ Map} . ((F® o sg)((n)), f(B)),

hence F® is faithful at each value of the section sg: Fin, — C®. Consequently, the induced
functor F®: T'(p) — I'(q) is fully faithful at sg € I'(p) and since CAlg(€) and CAlg(D) are full
subcategories of I'(p) and I'(g) respectively, the claim follows. O

Corollary 2.14. Let € be a symmetric monoidal category and A, B € cCAlg(C) with A dualiz-
able. The natural map

Map.caig(e)(B; A) = Mapgagce)(AY, BY)

is an equivalence. In particular, we have that (AY)° ~ A.



Proof. Since the functor (—)V: C°P — € is fully faithful at any dualizable object and dualizable
objects are closed under tensor products, the claim follows by applying Lemma 2.13 O

Lemma 2.15. Let C be a category which admits finite products equipped with the cartesian
monoidal structure. Then the forgetful functor Ue: cCAlg(C) — € is an equivalence.

Proof. By [Lurl7, Corollary 2.4.4.10] the map CAlg(C°?) — €°P is an equivalence, hence the
claim follows by applying (—)°P. O

Example 2.16. By definition, any € € CAlg(Pr") comes equipped with a symmetric monoidal,
colimit preserving functor
]l(g[—}: S—C,

which takes a space X to the colimit over the constant diagram 1e[X] = colimx 1e. Thus, by
Lemma 2.15, we obtain an induced functor

Te[—]: 8 = cCAlg(8) — cCAlg(@).

Applying this to the presentably symmetric monoidal category Modg where R is some E-ring,
we learn that the R-homology R[X] of a space X carries a natural coalgebra structure. Moreover,
the R-cohomology of X

RIX]" ~lim R = RX

inherits a natural R-algebra structure. If X is a compact space, then R[X] is a compact R-
module and hence dualizable, so by Corollary 2.14 we have a natural equivalence of coalgebras

(R¥)° ~ R[X].

3 Review of deformation theory

In this section, we review the theory of square zero extensions of E-rings and the associated
deformation theory of functors X : CAlg™ — 8, as developed by Lurie in [Lurl7] and [Lurl2].
Recall that, a functor F': € — D is called:

1. reduced if C admits a terminal object * € € and F'(x) € D is terminal.
2. excisive if € admits pushouts and F takes pushouts to pullbacks.

For a category € which admits finite limits, write Sp(€) for the full subcategory of Fun(8", @)
spanned by the reduced and excisive functors, where 8" is the category of finite pointed spaces.
Moreover, for any n > 0 denote by Q2°°~": Sp(€) — € the functor given by evaluation at S™ € 8.

Now let R be a connective Eo-ring. By [Lurl7, Theorem 7.3.4.13] the assignment taking a
map of E,.-rings R’ — R to its fiber induces an equivalence of categories

Sp(CAlg,r) = Modg

such that for each n > 0 the composite functor

Modg = Sp(CAlg, ) = CAlg, 5

takes a module I to an augmented R-algebra, whose underlying module is given by the direct
sum R @ X" 1. We implicitly equip R & X" I with this algebra structure from here on out.

Definition 3.1. We say that a map of connective Eo.-rings R" — R is a square zero extension
of R with fiber T € Mod§' if it fits into a pullback diagram of E..-rings

RN — R

| Juao

RWR@ZI.



Moreover, we say that R" — R is split, if the map (id, n) is homotopic to (id,0), i.e. R" ~ R T
and call the mapping space MapCAlg/R(R, R @ I) the space of derivations n: R — I. Finally, we
call a map of connective E..-rings a nilpotent thickening if it can be written as a finite composite
of square zero extensions whose fibers are perfect modules.

Remark 3.2. If p: R" — R is any square zero extension classified by a derivation n: R — X1,
then by taking fibers we get a commutative diagram with exact columns

I
| Jo
R ——— R

l(id,o)
R payr

In particular, the fiber of f inherits a natural R-module structure, such that the multiplication
map factors as
IQpl - IQrI—1T

where the second map is induced from the null map 0: I — R by applying — ®g I. Since any
map of the form f; ® --- ® f,_1 ® 0 admits a X,-equivariant nullhomotopy, we deduce that all
coherent multiplication maps

(I®n)h2n — 11

are nullhomotopic. In this sense, square zero extensions of E,.-rings are “coherently” square zero
and admit no nontrivial power operations on the fiber.

To make this definition work for us we require a way to check in practice whether a given
map of E,-rings is a square zero extension. This is provided by the following proposition, which
in particular implies that for discrete rings our notion agrees with the classical definition of a
square zero extension.

Proposition 3.3. Let " — R be a map of connective E,,-rings with fiber I such that I €
Sp>,, N Sp<y, and the multiplication map I ®g' I — I is nullhomotopic. Then R — Risa
square zero extension.

Proof. This is immediate from [Lurl7, Theorem 7.4.1.23]. O

Example 3.4. Let f: R — R be a surjective map of ordinary commutative rings with kernel
I C R'. Then f: R' — R is a square zero extension if and only if I? = 0. In particular, for every
n > 1 the map Z/p™ — Z/p"~! is square zero with fiber F,,.

Example 3.5. For any connective E-ring R and any n > 1, the map 7<, R — 7<,_1R is a
square zero extension with fiber X", R.

Given a functor X: CAlg™ — 8 and a square zero extension R7 — R we want to study
the fibers of the map X (R") — X(R), i.e. given A € X(R) we wish to understand the space

of deformations of A to an object A € X (R"). Notice that, since R and I are connective, the
derivation

NG )

is surjective on mg, indeed an isomorphism. This motivates the following definition for a class of
functors which are “well behaved” with regard to square zero extensions.

Definition 3.6. Let € be a category that admits all limits. A functor X : CAlg®™ — C is called:



1. Cohesive if for any pullback diagram of connective E.,-rings

R —— 9

|

R—— S

which induces surjections mgR — 1S and myS’ — 7S, the diagram

X(R) — X(8)

| |

X(R) —— X(9)
is a pullback.

2. Nilcomplete if for every connective E.-ring R the natural map

X(R) = lim X (<, R)

n
is an equivalence.
Example 3.7. For any connective E-ring R the functor
Spec(R): CAlg™ — 8, S+ Mapcy(R,S)
commutes with all limits, and so in particular it is cohesive and nilcomplete.

Definition 3.8. Let X: CAlg™ — € be a cohesive functor. Then any R € CAlg®™ and any
point A € X (R) gives rise to a moduli problem, namely the functor

X, : CAlgip — €, (R — R)w fiba (X(R) — X(R)).

For any (R’ — R) € CAlg7y, we call X% the space of deformations of A along the map R’ — R.

The moduli problems associated to a cohesive functor give rise to spectrum objects, by the
following observation:

Lemma 3.9. Let C be a category which admits finite limits, X : CAlg®™ — € be a cohesive
functor and A € X(R) be an R-valued point. The functor given by the composition

o ‘I\/Iod‘:n

X7
Xff@*: Modf —— CAlg/y e
is reduced and excisive.

Proof. Clearly, we have X § ~ x, so the functor is reduced. By [Lurl7, Proposition 1.4.2.13], to
show that the functor is excisive, it suffices to check that it takes suspensions to desuspensions.
By definition, the functor Q°°|Mod§; takes any pushout diagram of the form

|

I

o ~

S
—

to the pullback diagram
Rl — R

l l(id,o)

Since X is cohesive and taking fibers commutes with limits, we learn that QXf@EI ~ Xf@l for
any I € Mod%' and so we conclude. O



Construction 3.10. Let C be a category which admits finite limits, let X : CAlg®™ — € be
cohesive and A € X(R). We know by Lemma 3.9 that the functor X f@f is reduced and
excisive. Thus, by [Lurl7, Proposition 1.4.2.22] we obtain a unique factorization

Ty, .~
» %

cn
MOdR W e
A

such that, for any I € Mod%' and n > 0 we have a natural equivalence QOO*”T)I(A ~ Xf@znl.
We refer to the functor T as the tangent spectrum of X at the point A € X(R). When it is

clear from context, we also leave the functor X implicit and simply write Ty =T .

The tangent spectrum conveniently packages the data of a moduli problem into a single
spectrum object as follows:

Proposition 3.11. Let X: CAlg™ — 8 be a cohesive functor and R7 — R a square zero
extension classified by a derivation R - X1. Then for each A € X (R) the space of deformations
X f" is either empty or a torsor under the grouplike E,,-monoid QOOT)I(A. Moreover, 1 determines

an obstruction class in w_lT)I(A, which vanishes if and only if X f" is non-empty.

Proof. Since X is cohesive, applying X, to the pullback diagram defining R":

RN — R

| ls

R—— R®XI,
(0,m)

we get a pullback of spaces

Xf"—>*

|k

R®XI
* AT XA ’

exhibiting X f’" as the space of paths in X [{f@m between the points A° and A". Hence, it is
non-empty if and only if the homotopy class determined by the map

A7 ROXI . ool
* — X ~ Q*Ty,

vanishes. Moreover, in this case X ff" is a torsor under the loop space based at A, which is given
by
R®SI ., vROI I
QxXy ~ X7 = QT

as claimed. [
Proposition 3.12. Let R be a connective Ey-ring, X : CAlg™ — 8 be cohesive and A € X(R).

Then T)?A inherits a natural R-module structure such that for any perfect connective R-module
I we have a natural equivalence T)I(A ~Tx, ®rl.

Proof. We know from Lemma 3.9 that the functor F' = X ﬁf‘: Mod%' — 8 is excisive. Hence,

by [Lurl2, Lemma 1.3.2] it extends uniquely to an excisive functor F’: Modx" — 8. Since

Mod%™ is stable, F’ is an exact functor. Thus, the restriction F'|; jeert is also exact. Hence,
R

since Sp is stable, [Lurl7, Proposition 1.4.2.22] implies that we get an essentially unique lift to
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an exact functor F: Modlp%Crf — Sp. Finally, applying [Lur08, Proposition 5.5.1.9] we see that F
induces a colimit preserving functor Ind(Mod%erf) ~ Modg — Sp, which under the equivalence

Fun®(Modg, Sp) ~ Modg G — G(R)
yields a R-module whose underlying spectrum is given by T)IEA. O

Proposition 3.13. Let X: CAlg® — 8 be cohesive and R’ — R a map of connective Eq-
rings. Moreover, let A’ € X(R') and write A € X(R) for the image under the induced map
X(R') = X(R). Then for every I € Mod%' we have a natural map

I I
TXA, =Tx,,
which is an equivalence if the map mgR’ — my R is surjective.

Proof. Applying X to the pullback of connective Ey.-rings

Rl —— R®I

| |

R—— R
and taking the fibers over the points A € X(R) and A’ € X(R') gives a commutative diagram

’
X5 ——— X!

| |

X(R &l — X(RaT) (1)

| |

X(R) —— X(R)

The map Xff,/@I — X" is natural in M and thus induces a map of spectra T)I(A, — T)I(A as
claimed. Moreover, if R — R is surjective on my the same is true for the map R’ & I — R and
hence the lower square in the diagram (1) is a pullback square, as X was cohesive. In particular,
the map on the fibers X f,@l — X f@l is an equivalence and thus the induced map T)I(A/ — T)I(A
is as well. O

Notice that, if R" — R is a square zero extension of connective E.-rings the map mgR" — mgR
is necessarily surjective. Thus, if we are given A € X(R) and a lift A7 € X(R"), we know that
if we have M € Mod$, such that the R7-action factors through R, then TMA , agrees with T)]‘(/fA .

As an example we now summarize the well-known deformation theory of E.-rings in our
language. Later we will use this description to analyze the deformation theory of dualizable
coalgebras.

Example 3.14. Let R be a connective E,-ring. The composition

) Map g (R,—)
Mod 25 CAlg)y ——2

is accessible and commutes with limits. Thus, since Modp is presentable, the adjoint functor
theorem implies that it is corepresented by an R-Module Ly called the cotangent complez of R.
Moreover, the functor

X = Spec(R): CAlg™ =8, S+ Mapgp(R,95)

12



is cohesive by Example 3.7 and for any (¢: R — S) € Spec(R)(S) and I € Modg" we have that

fib, (Mapcae(R, S @ I) — Mapcy,(R, S)) ~Mapgyg,, (R, S @ I)
~ MapCAlg/R (R,Ra1I)
~Mapyjoq,, (Lr, I)
~Mapyjoqs(Lr ®r S, 1).
Explicitly, this tells us that the space of lifts in the diagram

Sel
PR J{
is naturally identified with Q“T)I(w ~ Mapg(Lr ®g S, I). In particular, if Lr @ g S ~ 0, then by

Proposition 3.11 the map ¢: R — S lifts uniquely along any square zero extension S’ — S.

Example 3.15. Given a category C write A" for the underlying space of €. We will see later
in Proposition 4.1 that the functor

X:CAlg™ =8, R~ (CAlgE)2’

is cohesive. Moreover, it follows from [Lurl7, Proposition 7.4.2.5] that for every S € X(R)
there exists an S-module Lg/r called the relative cotangent complex, together with, for every
connective R-module I a natural equivalence

Mapg(Lg/p, 21 @ S) = fibs (X(R® I) —» X(R)) = Q*Tx..

Thus, the problem of lifting S to a R @ M-algebra is equivalent to finding a map of R-algebras
fitting into the diagram

S& (SerXl)
T l
g4, g
In particular, if Lg/gr ~ 0, then by Proposition 3.11 the R-algebra S lifts uniquely along any

square zero extension of R' — R. In this case, S is called a formally étale R-algebra.

The main goal of the next section will be to develop statements analogous to the ones in the
two examples above for coalgebras.

4 Deformation theory of coalgebras

We now apply the machinery reviewed in the previous section to study deformation theoretic
questions about coalgebras in the category of spectra. We begin by deducing that the functor
which assigns to a connective E,.-ring R it’s category of connective, p-complete modules is cohe-
sive and nilcomplete in the sense of Definition 3.6. We then introduce formally étale coalgebras
in an arbitrary cohesive moduli problem

C_: CAlg™ — CAlg(Pr")

and show that the space of lifts of a formally étale coalgebra A € cCAlg(Cr) along any nilpotent
thickening R’ — R is contractible. Moreover, we show that the assignment of A to its essentially
unique lift A’ € cCAlg(Cg/) refines to a fully faithful functor cCAlg(Cg)!* — cCAlg(Cr/ ).

13



4.1 Connective and p-complete moduli
Our starting point is the following result of Lurie:

Proposition 4.1. For any connective E-ring R the functor
CAlg™ — CAlg(Pr") R~ Mod$'

is cohesive and nilcomplete.

Proof. This is precisely [Lur2l, Proposition 19.2.1.3] with the additional observation that the
relevant comparison functors on almost connective modules preserve and detect connective mod-
ules. O

Now fix a prime p and let R be an E-ring. Recall that a module M € Modpg is called
p-complete if the limit

1im(...£>Mi>M)

vanishes. We denote the full subcategory spanned by the p-complete modules by Mod%. The
inclusion Modfz — Modgr admits a left adjoint which takes a module M to its p-completion,
given by the limit
M" :=lim (--- — M/p* — M/p) .

In fact, M is p-complete if and only if the natural map M — lim M/p™ is an equivalence
and so p-completion defines a localization of Modg. Moreover, the functor (—)" admits a fur-
ther left adjoint, which takes a p-complete R-module M to its corresponding torsion module
map g (RP~*" M) where RP~*" = fib(R — R/p), and hence preserves both limits and colimits.
The category Modp admits a natural presentably symmetric monoidal structure given by the

formula,
M @wmoay, N = (M ®r N)",

such that the p-completion functor Modrp — Mod/l} is symmetric monoidal.

Lemma 4.2. Let R_: J — CAlg®™ be a diagram of connective E-rings with limit R = lim; R; €
CAlg®. Then the natural comparison functor

F: Mod§® — @Modﬁé , M= (M®R;)ies
€7

induces a symmetric monoidal functor on p-complete modules

F: Mod™" — limModg" M — (M @ Ri)")ies
€]

Moreover, if I is an equivalence, then so is F".

Proof. The first claim is clear from the properties of p-completion discussed above. For the
second, note that the functor F’ always admits a right adjoint which takes a system of R;-modules
M; to the limit lim; M; computed in the category of connective spectra. Since p-completion
commutes with limits, this restricts to an adjunction on the level of p-complete modules and the
second claim follows. O

Corollary 4.3. The functor
CAlg™ — CAlg(Pr"), R+~ Mod3™"

is cohesive and nilcomplete.

Proof. Apply Lemma 4.2 to Proposition 4.1. O

14



Finally, we verify that over the p-typical Witt vectors of a perfect IFp-algebra, the functor
Mod“™™” commutes with the p-completion tower.

Proposition 4.4. Let k be a perfect F,-algebra and denote by W (k) the p-typical Witt-vectors
of k. The functor

Mody ) — lim Modip () /pn » N = N ®w ) W(k)/p" (2)

is a symmetric monoidal equivalence.

Proof. In light of the natural equivalences

Modyy () = Modyy () (Modz ")
~ MOdw(k) (1171;11 Mod%}pn)
~ 1171111 MOdW(k)/pn (Mod%}pn)
= lim Modyy (s /pn »
it suffices to consider the case k = F, and W (k) = Z,. The functor (2) admits a right adjoint,
which takes (M,,) € @n Mod%}pn to the limit lim,, M,, taken in the category of connective Z,-

modules. Since p-complete modules are closed under limits, the essential image of this functor
is contained in ModZ’A. Moreover, for any M € Modg;’/\ we have that

(M ®z, Z/p") = lim M/p" ~ M" ~ M.

Hence, the counit of the adjunction is an equivalence on p-complete modules.
Conversely, given (Ny) € @k Mod%}pk write N = limg IV for the limit in connective spectra,
equipped with its natural Z,, = lim,, Z/p"-module structure. We want to show that, for every n

the natural map
N Rz, Z/pn = N,

is an equivalence. Since N ®z, Z/p™ ~ N/p™ and limits are exact, we have an equivalence
N ®z, Z/p" ~ lim (Ni ®z, Z/p").
Thus, the unit of the adjunction may be written as
,lciglL(Nk ®z, Z[p") — ,lciglL(Nk ®zpr L") = Ny,
and so has fiber given by
F, = lllglL (Nk ®z,/p fib(Z/p* @z, Z/p" — Z/p")) .
Now we compute the fiber of Z/p* @z, Z/p™ — Z/p" as the module

Tor” (Z/p", Z/p™)[1] ~ Z/p"[1].

k—1

The reduction map Z/p* — Z/p is induced by the map of projective resolutions

.pk
P P

N

id

3
«——

N

4 -pk_l ZP’
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hence, on Tor it induces the multiplication by p map
Z/p" = Tor™ (Z/p", Z/p") = Tor™ (Z/p* ", Z/p") = Z/p".
Thus, if we have ¥’ > k > n such that ¥’ — k > n, the transition map
F = N ® Tor’™ (Z/p*, Z/p™) — Ny, @ Tor’ (Z/p*~1, Z/p") = Fy

vanishes since the Tor-groups are p"-torsion. Choosing a cofinal subset S C N, such that
|k" — k| > n for any distinct &', k € S, we see that

lim Fy ~ lim F}, ~ 0
k>n keS

vanishes. Thus, since limits are exact, the map N ®z, Z/p" = N, is an equivalence. O

4.2 Formally étale coalgebras

We now turn our attention more specifically to coalgebras and introduce the class of formally
étale coalgebras. We begin with the following observation:

Lemma 4.5. Let C_: CAlg™ — CAlg(Pr") be cohesive or nilcomplete. Then the functor
cCAlg(€_): CAlg®™ — Prl is is also cohesive or nilcomplete, respectively.

Proof. By Lemma 2.6 combined with Lemma 2.8, the functor cCAlg(—): CAlg(Pr’) — Prl
commutes with limits. Since both properties are limit conditions, the claim follows. O

In light of this, for the remainder of this section, we put ourselves in the following setting:

Setting 4.6. Fix a cohesive functor C_: CAlg® — CAlg(Pr") and denote the corresponding
coalgebra functor by
cA_ = cCAlg(C_): CAlg™ — Pt

which is again cohesive by Lemma 4.5. Moreover for any n > 0, Lemma 2.8 implies that forgetting
to Cato, and composing with the mapping space functor Mapc,;_ (A", —) produces a cohesive
functor with values in spaces, which we denote cA®" : CAlg®™ — 8. Finally, as in Example 2.10,
any map f: R — S of connective E,,-rings induces a coalgebraic adjunction

fficAr 2 cAs : f,
and we refer to to f* as base change and to f. as Weil restriction along f.

Given a connective E..-ring and any i € Cﬂﬁn, we want to study the associated moduli
problem
cAS) T CAlg — 8,
R )y /R

as in Definition 3.8. By Proposition 3.11, the behavior of this functor on square zero extensions
is governed by the associated tangent complex functor

T, : Mod%' — Sp,
which, for each I € Mod%' has underlying space given by the fiber
QOCTJ, ~ (cﬂﬁn)i{@[ )

i.e. the space of lifts of ¥ along the map R® I — R. Our first order of business is to, for n =0, 1
describe this space of lifts as a certain mapping space between coalgebras.
To do this, we begin with the following general categorical construction:
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Construction 4.7. Suppose we are given categories £, D and an adjunction
ffre€=2D:f,
together with a retraction g*: D — € of f*. Consider the natural transformation
mfuf S g = gt S ide

defined as the whiskering of the counit e: f*f, — id as in the diagram:

£ 5
* P *
el | D-Loe.
Y

Unraveling the definitions, we see that for each B, A € £ the composition

Mapg (B, f f*A) = Mapy, (f*B, f*A) <> Mapg (B, A)

takes 1: B — f.f*A to the composite m4 o 1. Thus, for each p: B — A we have a natural
equivalence between the fiber

fib, (Mapp (f*B, £ 4) £ Mape (B, 4))
and the space of dotted lifts in the diagram:

ffrA

]
B—*% 4
L.e. the mapping space Mapg , ((B L A), (fof*A T A)).

This allows us to make our first crucial definition specific to the deformation theory of coal-
gebras.

Definition 4.8. Let R be a connective E,,-ring and I a connective R-module. Denote by
sr: R — R ® I the 0-section of the split square zero extension. For any A € cAg we define the
universal deformation coalgebra of the pair (A, I) as the Weil restriction of the base change:

Da(I) = (s1)«(s7)*A € cAg.
This coalgebra comes equipped with two natural maps
AL D) ™ Acchpg,

where the first is the unit of the adjunction s7 - (s1). and the second is the map of Construc-
tion 4.7, applied to the retraction of s} provided by base change along the projection R I — R.
Moreover, for any map ¢: B — A € cAg, we call

Dertp(Ba I) = Map(cAR)/A (Ba 30)7 (QA(I)v WA))
the space of derivations from B to I.

Derivations with respect to the identity morphism naturally correspond to to solutions of
certain lifting problems as follows:

Lemma 4.9. For any connective Eoo-ring R, I € Mody' and A € cAr we have a natural
equivalence

(cﬂﬁo)ﬁ@l ~ Deriq, (A, X1).
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Proof. Let sy :OR — R @ X1 denote the O-section of the split square zero extension. Observe
that, since cA2 is cohesive and fibers commute with forming the loop space, we have natural
equivalences

(AR = QAR )EZ = fibia, (MaDe o, (5574, 5574) — Mabea,, (4, 4))
Moreover, this fiber is naturally identified with Derjq, (A, XI), by definition of the space of
derivations and the discussion in Construction 4.7. O

The following Lemma shows that we can also describe the deformation space of a map of
coalgebras in terms of derivations.

Lemma 4.10. Le R an E-ring and ¢: B - A € cApg be a morphism of coalgebras. Then for
every connective R-module I, the space (cA% ) g@] is given by the pullback

(cAR)EST ~ Derig(B, £I) X per, (8,91) Deria(A, 1) .

Proof. Write sp;: R — R@ X1 flor the 0-section of the split square zero extension. If € is any
category and (¢: X — Y) € €4 some morphism, then the loop space at 1 sits in a pullback
diagram of the form:

Q8" — 5 Aute(X)

| o

Autg(Y) _401#) Mapg(X,Y) .

Applying this to the category & = cArgyxr and the morphism ¢ = s%,;¢: 55, B — s, A and
taking the respective fibers of the base change along the map R & I — R, we obtain a pullback
square:

QS*EI¢(CA}A31)<I;€BEI E— DeridB (B,EI)

| |

Derjq, (A, XI) ——— Der,(B,XI).

Since cA2 is cohesive, the upper left corner is naturally equivalent to (cﬂﬁl)gﬂﬂ and so we
conclude. O

Before we proceed, we investigate the functoriality of the universal deformation coalgebra in
the input module. For this, we first need a general categorical lemma.

Lemma 4.11. Let R_): J — CAlg®™ be a diagram with limit R, such that the natural map
cAr — lim; cAp, is an equivalence of categories. Moreover, suppose we are given a map f: S —
R with projections f;: S — R;. Then for any A € cAg we have a natural equivalence

fufr A= lim(fi)«(fi)" A € cAs.

Proof. Unraveling the adjunctions and using the Yoneda lemma, this is equivalent to the claim
that for any B € cAg the natural map

MapcAR(f*Bv f*A) - hgn MapcARi (fz*Bv fz*A)

is an equivalence, which is precisely the formula for mapping spaces in the limit cAg = lim; cAg, .
O

With this in hand, we can show that the universal deformation coalgebra naturally refines to
a spectrum object in the category of coalgebras.
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Proposition 4.12. Let R be a connective E,-ring and A € cAgr. The assignment taking
I € Mod§' to the augmented coalgebra D 4(I) refines to an excisive functor

La: Mod%' — Sp((cAr)asa)-

Proof. Indeed, since cA_ = cCAlg(C_) is cohesive, we have a pullback diagram in Pr" of the
form
CAR@] E— CAR

| |

CAR e C.AR@E],

where the maps are base change along the projection py: R ® I — R and 0-section sy;: R —
R & X1 respectively. Moreover, base change along the O-section s;: R — R @& I provides a map
from cApg into the pullback cAgrgr. Unwrapping the definitions and using that p; o s; ~ id,
Lemma 4.11 produces for us a pullback square in cAg of the form

@A(I) — A

| |

A — D (2]),

where the top and left hand maps are those of Construction 4.7 and the bottom and right hand
maps are the unit of the base change adjunction sx;: R — R @ XI. Thus, the claim follows by
combining [Lurl7, Proposition 1.4.2.13] and [Lurl7, Proposition 1.4.2.22]. O

Definition 4.13. Let R be a connective Eoo-ring, A € cAgr and denote by La: Mody —
Sp(cARr)aya) the functor of Proposition 4.12. We say that A is formally étale if L4(R) ~ 0 and
denote by

cARY C cAR

the full subcategory spanned by the formally étale coalgebras.

Lemma 4.14. For a connective E,-ring R and any coalgebra A € cAgr the following are
equivalent:

1. A is formally étale.
2. For any n > 0 either of the natural maps A = ©4(X"R) = A is an equivalence.
3. The functor L4 is null when restricted to the full subcategory of perfect R-modules.

4. For any perfect connective R-module I, either of the natural maps A < D 4(I) = A is an
equivalence.

5. For any perfect connective R-module I and any map of coalgebras ¢: B — A, the space
Der, (B, I) is contractible.

Proof. 1t is clear from the definitions that the equivalences 1. < 2. as well as 3. < 4. < 5. hold.
Moreover, 3. = 1. since R itself a perfect R-module, so it suffices to show 1. = 3.. Since L4(—)
is excisive by Proposition 4.12; this follows from the fact that any perfect R-module admits a
finite filtration by free R-modules and so we conclude. O

Remark 4.15. The following closure properties of formally étale coalgebras are immediate from
the definitions:

1. Since the product of coalgebras is given by the underlying tensor product and base change
is symmetric monoidal, finite products of formally étale coalgebras are formally étale.
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2. Retracts of formally étale coalgebras are formally étale.

3. If C_ has the property that for any n > 0 base change along the zero section R — R{e,}
admits a left adjoint, then formally étale coalgebras are closed under limits®. Note that,
this is satisfied for the moduli functor R — Mod%' as well as its p-complete variant, as
R{e,} is a perfect R-module.

We will also need the following, more technical characterization of formally étale coalgebras:

Proposition 4.16. Let R be a connective E-ring and A € cAgr. For any map of coalgebras
p: B— A€ cApr and any I € Mod%', consider the map

T} — Tf € Modg, (3)
induced by evaluating at the domain. The following statements are equivalent:
1. A is formally étale
2. The map (3) is an equivalence for all p: B— Aand I = R
3. The map (3) is an equivalence for all ¢: B — A and all perfect connective R-modules I.

Proof. First, note that 2. < 3. holds by Proposition 3.12, so it suffices to show that 3. < 1.. By
construction of tangent spectrum, the map (3) is an equivalence for all triples (B, ¢, I) as in 3.
if and only if the map on the underlying fibers

1 0
(cAR )G = (cAR )5 (4)

is an equivalence for such triples. Given some lift B’ € (CAAO)g®I of B along the map R&I — R,
write ) )
Fl = fibpr ((cAR)ES — (cAR)E™)

for the fiber of B’ under the map (4). Using the identification Deriq(B, XI) ~ (CA%‘))g@I of
Lemma 4.9, we learn from Lemma 4.10 that we have two pullback squares:

Fl g —— (cAR)EST — Derya(A,31)
* ———— Derjq(B,¥I) —— Der,(B,XI).
Thus, by the pasting law for pullbacks, we obtain a further fiber sequence
F! g — Deriq(A,BI) —% Dery,(B,S1).

If A is formally étale, the middle and right hand term in this sequence are contractible, and
hence so is the left hand term. In particular, the map (4) is an equivalence, meaning the “only
if” direction holds.
Conversely, assume that F é’ g Is contractible for every triple (¢, B, I) as above and every lift
B e (cfl%o)g@] ~ Derjq(B,XI). Applying this to the unique map 0: @ — A from the initial
coalgebra @ € cAgr we see that
Derjq(A, X1) = Derg(@,X1) ~ *.
Applying the same logic to an arbitrary triple (¢, B,I) we get
Der, (B, I) ~ QDer,(B,XI) ~ *

which implies that A was formally étale by Lemma 4.14, meaning the “if” direction holds, as
claimed. O

5As the left adjoint will be oplax monoidal, and hence induce a left adjoint to base change on the level of
coalgebras
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With this in hand, we can show that lifts of formally étale coalgebras along nilpotent thick-
enings are again formally étale.

Proposition 4.17. Let f: R — R be a nilpotent thickening of connective E,-rings and let
A € cAp . If the base change f*A is formally étale, then so is A.

Proof. Arguing iteratively, we can assume that R’ — R is a square zero extension with perfect
fiber I. Then by Proposition 4.16 it suffices to show that, for any morphism of coalgebras
p: B — A € cAp the natural map Tf — TI is an equivalence. By assumption, we have a

fiber sequence of R'-modules
I+ R =R,

where the R’-action on the outer terms factors through R. Applying the natural transformation
evg: T,; — T to this fiber sequence and using that the tangent spectrum functors are excisive,
we obtain a commutative diagram

I ~ I R’ R _~ R
Tf *p Tso Tw Tw Tf *p
TfI* B ~ T]g Tg Tg ~ Tf; B

where the inner two horizontal maps in each row form a cofiber sequence. The outer horizontal
maps are the base change equivalences from Proposition 3.13 and the outer vertical maps are
equivalences since f*A is formally étale by assumption. Thus, the middle map T,, — Tz is an
equivalence as well and we conclude. O

We can neatly organize the results of this section into the following proposition:

Proposition 4.18. Let f: R’ — R be a nilpotent thickening of connective E,.-rings. Then
Weil-restriction along f defines a fully faithful functor

fo: AR 5 AR

Moreover, for any A € (:.AE.%ét the coalgebra f,A is, up to contractible choice, the unique lift of A
to cAgr.

Proof. Using Proposition 4.17, we may argue iteratively and reduce to the case where the map
f: R’ — R is a square zero extension with fiber given by a perfect connective R-module I. Since
A is formally étale, we have that Deriq, (A, XI) is contractible and hence the identification of
Lemma 4.10 combined with Proposition 3.11 implies that the space of lifts is non-empty and
contractible. Denote by A’ € cAg/ the unique lift, which is formally étale by Proposition 4.17.

Moreover, for any B € cAgr/ and any map of coalgebras ¢: f*B — A, similarly combining
4.16 with Proposition 3.11 shows that the natural map

Ma’pcAR/ (B7 A/) ; MapcAR (f*Bv A)

is an equivalence, and so A’ = f,A by Yoneda. Moreover, as A’ was a lift of A, the counit
f*f.A = Ais an equivalence, which implies that the restriction of f. to formally étale coalgebras
is fully faithful, as claimed. O

Under the natural completeness assumption on the underlying moduli C_, we may similarly
lift against pro-nilpotent thickenings. This will be crucial for us to pass from [F, to the p-
completed sphere SQ in the next section.

Proposition 4.19. Let f = lim; f;: R = lim; R; — Ry be a direct limit of nilpotent thickenings,
such that the natural functor Cr — lim; Cp, is an equivalence of categories. Then Weil restriction
along f restricts to a fully faithful functor

S C.Afﬁ; — CAfﬁt,
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such that for any Ay € cflﬁg‘g the coalgebra f,Ag is, up to contractible choice, the unique lift of
Ap to an object of cAR.

Proof. First, note that by Lemma 2.6 the map cAr — l'mi cAp, is also an equivalence of
categories. Now for any A € cAg such that Ag = f*A is formally étale, Proposition 4.17 implies
that each base change A; = fA is formally étale as well. Using this and the fact that fibers
commute with limits, as well as the description of the tangent spectra from Lemma 4.9, it is
straightforward to verify that the condition of Proposition 4.16 is satisfied and thus A was itself
formally étale.

Moreover, Weil restriction along any of the finite stages R; — R; is fully faithful on formally
étale coalgebras by Proposition 4.18. Since mapping spaces in a limit of categories are given
by the limit of mapping spaces, any limit of fully faithful functors is fully faithful and so f, is
fully faithful when restricted to formally étale coalgebras as claimed. The fact that f,A is the
unique lift of A is similarly immediate by Proposition 4.18 and the fact that fibers commute with
limits. O

Let us now discuss some examples of formally étale coalgebras. For any coalgebra A €
cCAlg(€) an idempotent of A is a linear map e: A — 1¢ satisfying e? = e, i.e. an idempotent of
the algebra mgAY. Recall from [BB24, Section 6] that, given such an idempotent, the localization

Ale™"] = lim (A 545 ) € cCAlg(€)
exists and gives a decomposition of coalgebras
Alel@ Ale—1)71 > A
such that the component maps are monomorphisms in cCAlg(€) and C.

Lemma 4.20. Let C be a symmetric monoidal category which admits arbitrary coproducts and
is compactly generated by the unit 1e. For any set S and any s € S, write 7s: 1e[S] — Le
for the idempotent given by projecting to the s-factor. Any map of coalgebras f: A — 1¢[5]
induces an equivalence
cr: [T Al(maf)™"] 5> A € cCAlg(€).
ses
Moreover, this construction refines to an equivalence of categories

cCAIg(€) 1,151 = [ [ cCAlg(C).
S

Proof. Note that c; is a monomorphism in € and hence it suffices to check that it is surjective
on mg. Given any v € myA, its image under the map 7o f: m9A — mpLe[S] must be supported on
some finite S’ C S. In particular, we reduce to the case of finitely many orthogonal idempotents,
and so v is in the image of c¢;. The second claim now follows from the fact that the maps
Al(msf)~1] — A are orthogonal localizations, by construction. O

Corollary 4.21. For any E.-ring R and any set S, the coalgebra 1e,[S] is formally étale.

Proof. This follows readily from Lemma 4.20, as the coalgebra 1¢,,[S] satisfies the same universal
property as the base change to any split square zero extension. O

For dualizable coalgebras, our notions of formally étale and derivations are compatible with
the usual notions from higher algebra.

Proposition 4.22. Let R be a connective Eo-ring and let A € cCAlg(Mod%') be dualizable.

cn

For every map ¢: B — A € cCAlg(Mod%') and every I € Mod%', we have an equivalence
Der,(B,I) ~ Map 4v(Lav/pr, mapg(B, 1)),

where L 4v,r denotes the relative cotangent complex as in Example 3.15.
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Proof. Set R' = R & I and denote by s;: R — R’ the 0O-section. By construction, the space
Der, (B, I) is equivalent to the fiber

F, = fiby, (MachAlg(ModR/)(S;Ba spA) — MachAlg(ModR)(B7 A))

Since A is dualizable, so is s7A with dual given by (sjA)Y ~ AY @z R’. Using Corollary 2.14
and pushing around adjunctions in an analogous manner to Construction 4.7, we learn that F,
is given by the space of lifts in the diagram

mapr(B, R)

P l

AV BY,

in CAlg(Modg). Since R’ — R is a split square zero extension with fiber I, the morphism
mapp(B,R’) — BY is a square zero extension as well with fiber given by the BY-module
mapg(B,1)°. Hence, we get

Fy ~ Map v (Lav/g, mapg(B, 1))
by construction of the relative cotangent complex, as claimed. O

This provides us with the most easily accessible examples of formally étale coalgebras, namely
those dual to formally étale algebras.

Corollary 4.23. Let R be a connective Eo-ring. If A € cCAlg(Mod%') is dualizable and the
relative cotangent complex L v, g vanishes, then A is formally étale.

Although we will not make explicit use of it in the next section, we note that the above
Corollary applies to the F,-homology of compact spaces.

Example 4.24. For any compact space X € 8 the F,-homology F,[X] is compact and hence
dualizable in Modp, with dual given by the cohomology Fi. By [Lurll, Proposition 2.4.12] we
have L]F;( /F, = 0 and so Corollary 4.23 tells us that F,[X] is a formally étale coalgebra.

Remark 4.25. It is unclear whether the converse of Corollary 4.23 holds. From Proposition 4.22
we can only deduce that
Ma'pAV (LAV/Rv prmapR(B7 I)) ~0

for each coalgebra B, R-module I and morphism of algebras p: AY — BY.

5 Homology coalgebras

As observed in Example 2.16, for every space X and every Eo-ring R, the R-homology R[X]
carries a natural R-coalgebra structure induced from the diagonal map A: X — X x X. The
main result of this section is Theorem 5.7, namely that for any space X and any perfect field k
of characteristic p > 0, the coalgebra k[X] is formally étale.

Theorem 5.1. Let p be a prime, k a perfect F,-algebra with spherical Witt-vectors W(k). Then
Weil restriction along the natural map W(k) — k induces a fully faithful functor

Rk - cCAlg(Modi")™ — cCAlg(Modyy) )"

such that, for any A € cCAlg(Mod$")f the image Rw(k)/k(A) is, up to contractible choice, the
unique p-complete, connective W(k)-coalgebra equipped with a natural equivalence Ryy () /1 (A4) ®
k ~ A.

6Where we again the lax monoidality of the functor mapg(—,—)
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Proof. First of all, recall that by Corollary 4.3, the functor R — Mod?’/\ is cohesive, so we can
talk about formally étale coalgebras in the sense of Definition 4.13. Since k is discrete, our map
in question factors as W(k) — moW (k) — k, where moW (k) naturally identifies with the ordinary
p-typical Witt vectors of k. Since the first map is a pro-nilpotent thickening via the Postnikov
tower and the second via the p-completion tower, the claim follows by using Corollary 4.3 and
Proposition 4.4 to apply Proposition 4.19 twice. O

Let k be a field of characteristic p > 0 and write Cy: Modi" — cCAlg(Mody") for the
connective cofree coalgebra functor as in Definition 2.5. For any n > 0, the coalgebra Cy(X"k)
carries a Frobenius endomorphism F', which parametrizes the stable power operation

PO QA Qoo AY

acting on the dual algebra AV of any k-coalgebra A. Bachmann-Burklund [BB24, Lemma 7.8]
show that for any n > 1, we have a natural pullback square of connective” coalgebras

K[Q®S"F,] —— Cip(S7k)

| Jo-r

bk ——— Cu(37).

Now let f: kK — R be a map of connective E,,-rings such that the underlying k-module of R is
dualizable. Then the base change functor f*: Mody" — Mod%' admits an oplax monoidal left
adjoint and so the induced functor f*: cCAlg(Mod;") — cCAlg(Mod§g') preserves all limits and
commutes with cofree coalgebras. Thus, via base change we obtain a further pullback diagram:

RIQ®Y"F,] — Cgr(X"R)

l J{f*(idfF) (5)

R——— Cr(X"R).

which we call the R-linear Artin—Schreier square.
For any ¢ > 0, recall that we write k{e;} = k @ X'k for the split square zero extension on a
generator in topological degree i. The key observation is the following:

Lemma 5.2. Let ¢ > 0 and write s;: k — k{e;} for the zero section of the split square zero
extension. The Weil-restriction of the base-changed Artin—Schreier map

naturally splits in cCAlg(Modj") as
(id —F) @ id: Cp(Z"k) @ Cr(Z" k) — Cp(Z"k) @ Cp(Z"1).

Proof. Unwinding the definitions, we see that the map (s;).(s;)*(id —F) represents the additive
operation id —P? acting on the space Q*°~"(AY @ X¢AV), induced by the split square zero
structure on the dual algebra (A @ k{e;})Y ~ AY @ X¢AV. Since the operation P° is given by
extracting the coefficients of the extended p-th power map, the discussion in Remark 3.2 implies
that PY acts trivially on the square zero part and so the claim follows. O

Proposition 5.3. For any F,-vector space V' € Mod]?p and any n > 1, the coalgebra k[Q°X"V] €
cCAlg(Mody") is formally étale.

"The result in [BB24] is phrased as a pullback in the category of all coalgebras, but we obtain the square below
by applying the (limit preserving) connective cover functor of Example 2.9.
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Proof. Choosing bases, we may write V' as a retract of a (constant) product [[¢F, where S
is some set. Since any functor preserves retracts, this exhibits k[Q2°°X"V] as a retract of the
coalgebra

QOOHZ" E[S x Q°%"F,] ~ k[S] ® K[Q°X"F,)] .

Since k[S] is formally étale by Corollary 4.21 and formally étale coalgebras are closed under
retracts and tensor products, this lets us reduce to the case V =T,

Thus, for any 7 > 0, consider the associated Artin—Schreier square (5) in the case of the split
square zero extension R = k{¢;} by a generator in topological degree i. Weil-restricting along the
zero-section s;: k — k{e; }, Lemma 5.2 tells us that we have a pullback square in cCAlg(Modj")
of the form:

(8:)x(8:)*k[Q®E" F,] —— Ck(Z"k) @ Crp(E"Tk)

l l(id —F)®id
k

S CL(ETk) ® CR(DHE)

Since the product on the right hand splits off the identity map, this diagram is equivalent to the
k-linear Artin—Schreier square and we learn that the natural map

E[QCE"Fp] — (5i)«(5:) k[QP°E"F,]
is in fact an equivalence. Thus, the coalgebra k[Q>° X" F,] is formally étale, and we conclude. [

We now quickly recall some facts about pro-objects and refer the reader to [BB24, Section
5] for a somewhat more in-depth discussion. Let € be a stable symmetric monoidal category
equipped with a compatible ¢-structure. We denote by Pro(C) the category of pro-objects in C.
We think of objects of Pro(€) as formal cofiltered limits of objects of €. If € admits all small
limits, the restricted Yoneda embedding gives an adjunction

c: €= Pro(C) : M

Here we think of ¢ (aka restricted Yoneda) as taking X € € to the constant diagram on X.
The functor M is called materialization and takes a formal limit @A X, to the actual limit
computed in €. The category Pro(C) inherits a natural symmetric monoidal structure from € via
the pointwise tensor product, such that the inclusion € — Pro(C) natural refines to a monoidal
functor.

We call an object @X A € Pro(C) pro-truncated if each X is bounded above. The inclusion
of pro-truncated objects admits a left adjoint denoted 7., which can explicitly described by
the formula

T<oo hm Xy = hr&l T<nXx-

)

An object E € Pro(C) is called pro-constant up to pro-truncation if the natural map
’7—<OOCM(E) — T<OOE

is an equivalence in Pro(€). If € has the property that bounded above objects are closed under
tensor product, the pro-truncation functor 7. inherits a natural oplax monoidal structure, and
thus induce a functor on coalgebras which we denote the same.

We denote the partially defined right adjoint to ¢ : cCAlg(€) — cCAlg(Pro(€)) by M and
refer to it as coalgebraic materialization.

Lemma 5.4. Let X be a pointed, connected space and k a field of characteristic p. Then the
coalgebra k[Q>TF, @L*X] is given by a limit of coalgebras k[Y,], where each Y,, is a finite
product of connected Eilenberg—MacLane spaces.
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Proof. Set Y = Q> F, ®X*°X and V; = m;(F, ®2>°X). Since [, is a field, we have that

F, XX ~ PV, ~ [[2Vi.

i>1 i>1
Hence, the loop space Y is given by the product

Y ~ HQ"OEW;.

i>1
Moreover, setting for every n > 0

Y, =1<,Y = [[ Q%W

i<n

we have ¥ ~ limY,,. Moreover, since 1<, k[Y] =~ 7<,,k[Y,,] this diagram is pro-constant up
to pro-truncation and pointwise bounded below. Thus, [BB24, Lemma 5.10] tells us that its
coalgebraic materialization exists and is computed underlying, meaning that

K[Y] > M (lim k[Y,,]) = lim k[Y,] € cCAlg(Mody)
holds, as claimed. O

We now expand from Eilenberg-MacLane spaces to arbitrary connected spaces. Let us recall
the following notions in unstable homotopy theory:

Definition 5.5. A space X is called p-complete if it is local with respect to the functor
Fp[=]: 8 — Modp,. Denote by 8, C 8 the full subcategory category of p-complete spaces
and denote the reflection functor by (—)7: 8 = §,,.

Moreover, call a space X nilpotent if for each point z: * — X the fundamental group (X, x)
is a nilpotent group which acts nilpotently on the higher homotopy groups of X. Write §"!P for
the category of nilpotent spaces and S;’“p =8, N 8P for the category of p-complete nilpotent
spaces.

Any space X admits a “nilpotent completion” given by taking the limit over all maps from
nilpotent spaces into X. Although this in general does not induce an equivalence on homology,
the following lemma shows that, if we instead carry out this limit after taking homology, the
resulting completion map becomes an equivalence.

Lemma 5.6. Let X be a space and R an E-ring. There exists a cofiltered diagram of nilpotent
spaces { X, }, such that the natural map

RIX] = lim R[X,]

is an equivalence in cCAlg(Modg).

Proof. Since finite limits of nilpotent spaces are nilpotent®, [Lurll, Remark 3.1.7] implies that
the inclusion ¢: 8" — § induces an adjunction

(Z): Pro(8) = Pro(8"P) :4.

Here, the left adjoint takes a space X to the formal limit X = l&n X x X, running over all

maps X, — X where X, is nilpotent. Moreover, the functor R[—]: § — Modg induces a functor
on pro objects given by

R[-]: Pro(8) — Pro(Modg) lim X; r lim R[X;].

8For example by using [BK72, Corollary 4.5] at each connected component and noting that products of nilpotent
groups are nilpotent.

26



Since the infinite loop space of any spectrum is nilpotent, applying ﬁ[,] to the reflection X —
lim X, into Pro(8"?) induces an equivalence

cR[X] = R[X] = lim R[X,,]

in Pro(Modg). Since the forgetful functor cCAlg(Pro(Modg)) — Pro(Modg) commutes with
cofiltered limits, the right hand limit can also be computed in cCAlg(Pro(Modg)). Since the
coalgebraic materialization of constant objects exists and commutes with limits, we obtain that

R[X] =~ M4 (cR[X]) = M°*(lim R[X,]) = lim R[X.],

as claimed. O

We are now ready to prove the main result of this section.

Theorem 5.7. Let X be a space and k be a field of characteristic p. Then the k-homology
k[X] € cCAlg(Modj") is formally étale.

Proof. By Lemma 5.6 we know that we can write

k[X] = lim k[X,] € cCAlg(Mody")

where each X, is a nilpotent. Thus, since formally étale coalgebras are closed under limits, see
4.15, we can assume that X is nilpotent. Moreover, since k is an IF,-algebra, the natural map
E[X] — k[X,)] is an equivalence, and so we can further assume that X is p-complete.
Assume additionally that X is connected and choose a base point. Write X*® for the cosim-
plicial diagram with
X"=(Q®kX®)"o X,

obtained via the adjunction X*° < Q°°. Then, since X is nilpotent and p-complete we have
by [BK72, Proposition VI.6.2] that X ~ lim X™. Moreover, choosing base points for each X"
we obtain a splitting of the cosimplicial diagram k[X*], which thus has constant underlying pro-
object. In particular, its coalgebraic materialization exists and is computed underlying by [BB24,
Lemma 5.10] and we get equivalences of coalgebras lim,, k[X"] ~ k[lim,, X"] ~ k[X]. Moreover,
by Lemma 5.4 each k[X™] can be written as a limit lim; k[Y;"] where each Y;" is a finite product
of Eilenberg—MacLane spaces. Since the k-homology functor takes finite products of spaces to
products of coalgebras and formally étale coalgebras are closed under limits, we reduce to the
claim of Proposition 5.3.

Now let S be a non-empty set and suppose we have connected, non-empty spaces X for
each s € S. Choosing a basepoints for each X, we can write X =[] _¢ X, as a retract of the
constant coproduct [[¢(]],cg Xs). Since any functor preserves retracts, we exhibit k[X] as a
retract of k[S] ® k[[[,cg Xs] in cCAlg(Mody"). The first term is formally étale by 4.21 and the
second is the homology of a connected space, so we conclude. O

Thus, we have answered our initial question about recovering spherical chains from charac-
teristic p-chains, which we may summarize as follows.

Corollary 5.8. Let X € 8 be a space and k be a perfect field of characteristic p. The space of lifts
of k[X] € cCAlg(Modj") to a coalgebra in p-complete, connective W(k)-modules is contractible
and the unique point is given by W(k)[X]". Moreover, for any A € cCAlg(MonV’(C,?)) the base
change along the map W(k) — k induces an equivalence

1v[achAlg(ModA )(A7 W(k) [X]/\) = MachAlg(Modk) (A ® k? k[X])

W (k)

Proof. Combine Theorem 5.7 with Theorem 5.1. O
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Finally, we observe that this lifts the result of [BB24] that, for a separably closed field k,
taking k-chains is fully faithful as functor to k-coalgebras when restricted to p-complete nilpotent
spaces, which was in turn a coalgebraic generalization of Mandells result [Man01], to the spherical
Witt-vectors of k.

Corollary 5.9. Let k be a perfect, separably closed field of characteristic p with spherical Witt
vectors W(k). The p-complete W(k)-homology functor

p

8P — cCAlg(Modygy(y) X — W(k)[X])
is fully faithful. In particular, for any nilpotent space X, we have a natural equivalence

X;\ = M?prccAlg(MoclA (W(k),W(k)[X]A)

W(k) p

Proof. By [BB24, Theorem 1.2] the functor
k[—]: 82 — cCAlg(Mody,)

is fully faithful. By Theorem 5.7 it factors through the full subcategory cCAlg(Mods")f* and
hence we may compose with the functor Ryy() /. of Theorem 5.1 to get the claim. O
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