ON THE DEFORMATION THEORY OF E.-COALGEBRAS
FLORIAN RIEDEL

ABSTRACT. We introduce a notion of formally étale Eo-coalgebras and show that these
admit essentially unique, functorial lifts against square zero extensions of E..-rings.
We use this to construct a spherical Witt Vector style functor which exhibits the oo-
category of formally étale connective E-coalgebras over F, as a full subcategory of the
oo-category of p-complete connective Eo-coalgebras over S;. Finally, we prove that for
a finite space X the Fp-homology F,[X] = C.(X;F,) is a formally étale Fp-coalgebra and
hence S[X]; = (X X); can be recovered its essentially unique lift to the p-completed
sphere.
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One of the fundamental goals of algebraic topology is to construct algebraic models for

homotopy types, that is to give complete homotopy invariants for topological spaces. While

this is unrealistic for all spaces simultaneously, a divide-and-conquer approach borrowed

from arithmetic has been immensely successful. Namely, we can approximate a space X

by its rationalization Xg and for each prime p its p-completion XPA. The rational story has
been well understood for many years due to work of Sullivan [Sul77] and Quillen [Qui69].
We are interested in the p-adic setting, where a theorem of Mandell shows that we can

model a full subcategory of the co-category of p-complete spaces 81/9\ using E.-algebras.

Theorem 1.1 (Mandell ) The assignment X — C*(X;Fp) = XFr determines a
fully faithful contravariant functor from the full subcategory of S]/J\ spanned by the simply
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connected p-complete spaces of finite type to the co-category CAlng of Ex-algebras over
F,.

In particular, this tells us that the space X can be recovered as the space of E.o-
ring maps F;( — Fp, hence the Fp—cohomology remembers everything there is to know
about the space X. However, this theorem raises some questions. Firstly, the E,.-algebra
structure on X7 is actually induced via dualizing by the E,,-coalgebra structure on the
Fp-homology C.(X;F,) = F,[X]. Since the duality functor

cCAlgy 5 CAlg?
is not fully faithful, it is natural to ask whether we can exhibit Mandell’s Theorem as a
shadow of an even better coalgebraic model for p-complete spaces. We can also wonder
why the ring F,, in Theorem appears instead of IF),. Indeed, the F)-cohomology functor
X — F;( is mot fully faithful because we are forgetting the Frobenius action on the
coefficients. More precisely, Mandell shows that

7X —_
MapCAlng (IE‘;(, Fp) ~ MapCAlg?p (Fp va)hZ ~ XM~ X

holds, where Z acts via the Frobenius on E?. This tells us that any algebraic model of
p-complete spaces needs to take a Frobenius into account. For the E.,-algebra model we
can summarize this story informally as follows.

Slogan. The datum of a simply connected p-complete space is equivalent to that of an

Eoo-ring together with a trivialization of the Frobenius via the cohomology functor.

To formalize this one would like to use a notion of Frobenius that is intrinsic to the
category of Eo.-algebras and not only defined via the coefficients. Such a notion is provided
by the Tate Frobenius map

op: R— R — RCr
introduced by Nikolaus and Scholze in [NS17] for every E-algebra R, which is a gener-
alization of the p-th power map R — R/p which takes values in the Tate Homology of R.

Unlike the ordinary p-th power map, it is not an endomorphism over I, since IF;C”

is not
equivalent to IF,. However, it is much better behaved over the p-completed sphere since
(Sg)\)tcﬁ =~ S, does hold by the Segal Conjecture, first proved in this form for p = 2 by Lin
in [Lin80] and for odd p by Gunawardena in |[Gun80|. This suggests instead considering
S;,\X as a model for a p-complete homotopy type X. These ideas were recently investi-
gated by Yuan in [Yual9| to give a model for p-complete finite spaces in terms of so called
p-Frobenius fired Ex -rings, see [Yual9, Theorem 7.1.]. This is a natural extension of the

F)-model as a consequence of the following statement.

Proposition 1.2 (Mandell, Lurie). For any space X the IF,-cohomology ]F;( is a formally
étale Fp-algebra.
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Thus, one can use deformation theoretic arguments to show that for every finite space
X the base change map

X
M&PCAlg% (Sp7,8)) — Mapcaig, (F,, Fp)

is a homotopy equivalence, compare the argument in [Yual9, Corollary 7.6.1.]. This
crucially uses that SZ/)\X ®sp Fp, ~ IF;( for finite X. The finiteness assumption is also
necessary for the model to ensure that the Frobenius defines an automorphism on SZ/?\X.
Thus, if we want to improve on this result and fully realize our slogan, we need to find
better behaved Frobenius map. As it turns out, this is available to us if we are willing to
work with p-complete E..-coalgebras instead as is the content of the following unpublished
result due to Nikolaus.

Theorem 1.3 (Nikolaus). Let C = (CCA]géZ )p denote the co-category Eo-coalgebras in
the category of p-complete spectra equipped with the symmetric monoidal structure given by
the p-completed tensor product. Then there exists a natural transformation 1, : ide — ide

which on an object A € C is given by the composition
A@P
Py A =2 (ADP)RCr 20, (APYIO, Ty 4,
where the right hand map is the inverse of the Tate Diagonal, see [NS17, Theorem III.1.7].

This means that for p-complete S]/)\-coalgebra A we always have access to a Frobenius
endomorphism 1, : A — A. Moreover, the homology of a space is better behaved with
respect to base change, as we have S,[X m ®sp Fp ~ I [X] for any space X. This suggests
instead considering S[X]) = (X5°X); together with the action of ¢, as a more natural
model for p-complete spaces X. To obtain a coalgebraic version of Theorem from this
we would have to show that the base change map

Map(cCA]g%\ ) (S,,S[X])) — Mapecalg, (Fp, Fp[X])

is an equivalence. This is the main problem this paper concerns itself. Put differently,
we can divide the problem of understanding the Fj)-homology as a model for p-complete
spaces into two parts by factoring the functor X — F,[X] as follows

8[-1p A —®spFp
8~ (cCAlggy)p — 2+ cCAlgg, .

We want to understand the right hand functor. More concretely we ask the following:

Question 1.4. How can we describe the full subcategory of (CCAlgSg );,\ spanned by those
Eo-coalgebras for which the base change to I, is fully faithful? Moreover, does it contain

S[X];,\ for an arbitrary space X ¢

Since the base change to F, can further be factored as the composition

P A Oz
(CCAIgSS )p — (cCAlgy ), — cCAlgg,
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this question can be phrased in terms of deformation theory, which is the approach taken
by this paper. More precisely, since Z, is an iterated square zero extension of F, and
in turn Sz/a\ is an iterated square zero extension of Z,, it is natural to first ask how to
lift E-coalgebras along general square zero extensions. This is also called a deformation

problem.

Question 1.5. Let R be an Ex-ring, R" — R be a square zero extension and A € cCAlgp.
How can we describe the space of R"-coalgebras A" equipped with an equivalence A’ @ gn R ~

A? For which coalgebras is it contractible?

1.1. Summary of Results. To answer Questions and we introduce a novel and
somewhat surprising notion of formally étale coalgebras. Let R be an E.-ring and M €
Modpg. Denote by fis : R — R @® M the section of the split square zero extension and
write fy, : cCAlggp — cCAlggq,, for the base change functor. This functor admits a right
adjoint by the adjoint functor theorem which we denote f;,.

Definition 1.6. A coalgebra A € cCAlgy is called formally étale if the counit of the
adjunction na : A — far1fy A is an equivalence for every M € Modg. We denote by
(:(]Alg%fét the full subcategory spanned by the formally étale coalgebras.

The relation to deformation theory is as follows: The counit admits a natural splitting
wa : far)fiA — A, hence 14 is an equivalence if and only if 74 is. We show that all

relevant deformation problems are equivalent to lifting problems of the form
ImpfaA
A7 i
/// TrA
B A
in the category of R-coalgebras. If we ask that these can be solved uniquely for every
B € cCAlgp, the Yoneda Lemma implies that 74 and thus also n4 must be an equivalence.

This may seem strange and unreasonable at first glance. However, notice that since any

E-ring is the terminal coalgebra over itself we have
fupfu(R) =~ fu(Re M) ~ R
as fu, is a right adjoint and hence preserves terminal objects. More generally we show

that the following holds.

Proposition 1.7. Let A € cCAlgy be dualizable such that its dual AV is a formally étale
R-algebra. Then A is formally étale in the sense of Definition [1.6.

This shows that Definition [1.6] is actually reasonable i.e. it is satisfied by a nontrivial
class of coalgebras. We also prove that it is powerful, namely that formally étale coalgebras

can be lifted uniquely and functorially along square zero extensions.
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Proposition 1.8. Let R be a connective Eo-ring, R" — R a square zero extension and
denote by C C cCAlgR, the full subcategory spanned by those coalgebras A such that
A Qpn R is formally étale. Then the functor

€ — cCAlgi™™™ A A@m R
18 fully faithful and essentially surjective. In particular, the quasi-inverse defines a functor
W, : cCAIgS ™ 5 cCAlgS,
which is fully faithful and satisfies W, (A) @rn R ~ A. Moreover, up to contractible choice

Wy, (A) is the unique connective R" coalgebra with this property.

Our main theorem is an upgrade of this statement to a Spherical Witt-Vector Style

functor for E.-coalgebras over [F),.

Theorem 1.9. Denote by € C (cCAlggé )I/J\ the full subcategory spanned by those coalgebras
A such that A ®sp Fp is formally étale. Then the functor

C— cCAlg%I;’fét A ARgy T,
18 fully faithful and essentially surjective. In particular, the quasi-inverse defines a functor
fét
Wsy : cCAlgp ™™ — (cCAlggg);\

which is fully faithful and satisfies Wgzg (A)®s, F, ~ A. Moreover, up to contractible choice
WSQ (A) is the unique connective p-complete Sﬁ—coalgebm with this property.

For a finite space X the coalgebra F,[X] is dualizable with dual given by IE‘;( . Thus,
since Ff,( is formally étale we can combine Proposition and Theorem” to get a partial

answer to our questions.

Proposition 1.10. For a finite space X the coalgebra S[X]) is the essentially unique lift
of Fp[X] to a p-complete, connective Sg-coalgebm. Moreover, for any finite spaces X,Y
the base change map

Map(cCAlgSI/} A (S[X];;\v (S[Y];)\) = MachAlng (Fp [X]7 Fp [Y])

18 a homotopy equivalence.

Since this notion of formally étale is defined using the mysterious right adjoint fas,
what is most crucially still missing is a sufficient condition for a non-dualizable coalgebra
to be formally étale that can be checked in practice. We conjecture that this is provided
by the coalgebra Frobenius discussed above.

Conjecture 1.11. Let A € (cCAlgé‘; )2, then for any M € Modﬁg, the coalgebra Frobenius
Yy : A — A induces the zero map on the R-module CA®s§Fp(M) = cofib(A ™ Q% (M)).
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This would immediately imply that, if A is a p-complete Sﬁ—coalgebra such that the
Frobenius ¢ : A — A is a homotopy equivalence, then A ®sp F, is a formally étale IF,-
coalgebra. Moreover, since by naturality the coalgebra Frobenius is given by the identity
on S[X ];)\, it would allow us to apply our theorem to the chains of spaces that are not-
necessarily finite and supply us with examples of formally étale coalgebras which are not
dualizable.

1.2. Technical methods. We attack these problems using the machinery of deformation
theory developed by Lurie in [Lurl2] and [Lurl7|. In [Lurl2| a class of functors CAlg™ — 8

is introduced which are well behaved with respect to deformation problems.

Definition 1.12 (Lurie). A functor X : CAlg™ — 8 is called cohesive if for any pullback
diagram of connective E-rings

R —— 9

R—— S

which induces surjections mgR — 7S and mpS’ — mS, the diagram
X(R) —— X(9)

|

X(R) —— X(S)
is a pullback of spaces.

Given a cohesive functor X for each R-valued point A € X (R) there exists a spectrum

T)]}/[A which controls deformations of A along square zero extensions of R with fiber M.

Theorem 1.13 (Lurie). Let X : CAlg™ — 8§ be a cohesive functor and R" — R a
square zero extension with fiber M € Mod$%'. Then for each A € X(R) there exists a
spectrum T)]\({‘ called the Tangent Complex of X at A such that the space of deformations
XB" = fibs (X (R") — X (R)) is either empty or a torsor under the grouplike Eoo-monoid
QOOT)J{[A. Moreover, we have an obstruction class in ﬁ,lT% which vanishes if and only if

Xﬁn s non-empty.

In this sense, the tangent complex, if it exists, is the precise answer to Question [I.5
We use an étale descent theorem for modules also due to Lurie |[Lur21, Theorem 16.2.0.2.]

to show that this machinery can be applied to coalgebras.

Proposition 1.14. For any n € N the functor CAlg™™ — 8 which takes a connective
Eoo-ring R to the space (cCAlgi)>" = Mapcy,. (A", cCAlgH) is cohesive.

This allows us to make sense of the definition of formally étale coalgebras and prove

Proposition [1.8] To get from this to Theorem [1.9] we prove two different completeness
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results for coalgebras. Concretely, we can write the ring Z, as the limit
Zp=lm (- — Z/p* = Z/p* = Z/p =TF))
where each map is a square zero extension with fiber Z/p. This poses a problem, as the

natural map

cCAlgy — T&lCCAng/pn

is mot an equivalence. This is where p-complete coalgebras come in to play.

Definition 1.15. Let R be an E.-ring. We define the oo-category of p-complete R-
coalgebras as
(cCAlgR)Q = cCAlg((ModR)]/g\).

Here, (ModR)I/j\ denotes the oco-category of p-complete R-modules equipped with the
symmetric monoidal structure given by the p-completed tensor product. We prove that p-
complete coalgebras are suitable for deformation theoretic questions and in fact the correct
notion if we want to pass from F, to the p-adics inductively.

Proposition 1.16. For every n € N the functor
CAlg™ —»8 R [(cCAlgg)h]>"

is cohesive. Moreover, the assignment A — A ®z, Z/p" induces an equivalence of co-
categories

(cCAngp);\ = lim cCAlgzn-
Similarly, S is given by the limit of the Postnikov-Tower

A : N N N
Sp = lim ( = TSQSP — Tglgp — Tg()Sp = Zp) s

A A
where each map 7<,41S;, — 7<,S)

Thus, to be able to lift inductively from Z, to S:f)\ we prove the following.

is a square zero extension with fiber 7, 1S} [n + 1].

Proposition 1.17. For every connective Eo-ring R, the truncation functors 7<,, : Modp —
Mod

r<, R tnduce equivalences of categories

cCAlgl} = Jim cCAlg? r

(cCAIgi), — lim(cCAIg™ 7).
n

With these requirements in place, Theorem follows from abstract properties of the
tangent complex and its interaction with the formally étale property.

1.3. Outline. We proceed along the following structure: In Section 1 we define our ba-
sic objects of study and collect some facts about coalgebras and duality. In Section 2
we introduce and review the setup of deformation theory developed by Lurie in [Lurl2]
and [Lurl7]. We recall the notions of square zero extensions of E-rings and discuss co-

hesive and nilcomplete functors. We then define the (co)tangent complex of a cohesive
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functor and prove some facts about its behavior. In Section 3 we investigate how to lift
coalgebras and maps of coalgebras against square zero extensions. We apply the tangent
complex formalism to deformations of maps of coalgebras and show that these deformation
problems can be reformulated as a lifting problem against certain maps of coalgebras and
use this to introduce our notion of formally étale coalgebras. In Section 4 we discuss how
to lift coalgebras and morphisms of coalgebras from [F, to Sj’o\. We construct a spherical
Witt vector style functor for formally étale Fj-coalgebras and apply our results to F,[X]
for a finite space X. In Section 5 we give a brief overview of some unanswered questions

and sketch a possible way to proceed with the program envisioned by Nikolaus.

1.4. Conventions. Throughout the text, we use the following conventions:

e We use the words category, oco-category and (oo, 1)-category interchangeably to
mean (0o, 1)-category. Moreover, the text is model agnostic, that is we make no
reference to any specific model for the theory of (oo, 1)-categories. If pressed, we
fall back on the Weak Kan Complex model as described in [Lur08|.

e If A B are objects in some oo-category €, we use the words map and morphism
A — B interchangeably to mean a point in the mapping space Mape(A, B).

e We denote the co-category of spaces by 8 and the co-category of spectra by Sp.
Moreover, we write Sps,, € Sp for the full subcategory spanned by the n-connective
spectra and denote the right adjoint to the inclusion by 7>, : Sp — Sps,,.

e We choose a Grothendieck Universe U, denote by Catso the large oo-category of
small co-categories and disregard all size issues from here on out.

e By (co)algebra we always mean E..-(co)algebra.

e All tensor products are derived unless stated otherwise.

1.5. Acknowledgments. This paper is based on my Master’s Thesis which was advised
by Thomas Nikolaus and Achim Krause. I would like to thank them for guiding this
project and being wonderful teachers throughout the years. I want to especially thank
Achim Krause for countless hours of insightful discussions and his tremendous patience
with my questions. I also want to thank Marin Janssen for being a mathematical mentor
and an inspiration to me for many years. Lastly I want to thank Anika Laschewski for
dilligently proofreading the entire thing.

2. COALGEBRAS

In this section, we collect some general definitions and facts which we will use throughout
the text. We define E-coalgebras in an arbitrary symmetric monoidal category € and
discuss how well behaved this notion is with respect to colimits and presentability. We
then specialize to the case € = Modp and introduce the right adjoint to base change in the
coalgebra setting. The latter will play a crucial and annoying role in the considerations of
deformation theory that follow. We then move on to coalgebras in presentably symmetric

monoidal co-categories, introducing the coalgebra structure on the R-chains of a space X
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and the algebra structure on A = mape(A, 1¢) for A € cCAlg(€) and € a presentably
monoidal co-category. We begin by recalling basic facts about E.-algebras in an arbitrary

symmetric monoidal co-category, before moving on to the coalgebra picture.
2.1. Generalities.

Definition 2.1. Let € be a symmetric monoidal co-category, then we denote by CAlg(C)
the category of E-algebras in €. For € = Sp we write CAlg(Sp) = CAlg and refer to
objects of CAlg simply as E,o-rings.

Proposition 2.2 (Lurie). Let (C,®) be a symmetric monoidal co-category, then the fol-

lowing statements hold:

(1) The forgetful functor U : CAlg(C) — € is conservative and commutes with limits.

(2) The coproduct of two algebras R, S € CAlg(C) is given by the tensor product R®S.

(3) If C is presentable and — & — commutes with colimits in both variables separately,
then CAlg(C) is presentable as well.

Proof. The first claim is a combination of |[Lurl7, Lemma 3.2.2.6] and [Lurl7, Corollary
3.2.2.5]. The second is shown in [Lurl7, Corollary 3.2.4.7] and the third is [Lurl7, Corollary
3.2.3.5). O

Definition 2.3. Let € be a symmetric monoidal co-category and denote by p : €% — Fin,
the associated oco-operad. Composing the straightening of p with the opposite category
functor (—)°P : Cats — Cato and taking the unstraightening yields a new oc-operad
Un(p°P) : D® — Fin, with fiber over (1) € Fin, given by €°P. This equips €°° with a
natural symmetric monoidal structure and we define the category of E.-coalgebras in C

as
cCAlg(€C) := CAlg(€P)°P.

Remark 2.4. In particular, any coalgebra A € cCAlg(C) comes equipped with a datum

of “coherently commutative” multiplication and counit maps

Ay: A= AR A
n:A—)le,

where 1¢ denotes the tensor unit of €. Note that, in general, there is no way to describe
cCAlge as a category of algebras in some suitable category D. Thus, coalgebras behave
very differently from algebras, although they are still “well behaved” in many ways. For
once, Proposition immediately yields that for a symmetric monoidal co-category (€, ®)

we have:
(1) The forgetful functor U : cCAlg(C) — C is conservative and commutes with col-
imits.
(2) The product of two coalgebras R, S € cCAlg(C) is given by R® S.
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However, we cannot deduce presentability this way since the opposite of a presentable

category is almost never presentable.

Proposition 2.5 (Lurie). Let (C,®) be a symmetric monoidal co-category such that —®—
commutes with colimits in each variable separately and C is presentable. Then cCAlg(C)

s presentable.

Proof. This is [Lurl8, Corollary 3.1.4.]. O

This can be seen as an analogue of the classical theorem by Sweedler that every coalgebra
in the 1-category of vector spaces over a field is a filtered colimit of its finite dimensional
sub-coalgebras, see [Swe69]. However, unlike in the classical situation, if € is k-presentable,
we only deduce that cCAlg(C) is 7-presentable for some unknown 7 > k. This is one of
the main defects the category of coalgebras has over that of algebras. Otherwise they are

similarly well behaved.

Lemma 2.6. Let Cat% denote the oo-category of symmetric monoidal oco-categories and

strong monoidal functors. Then the functors
Cat? — Cato, €+ CAlg(C),
Cat? — Cato, €+ cCAlg(C)

commute with limits.

Proof. By Proposition the functor CAlg(—) factors through the category CatgO of
categories which admit finite coproducts and functors which preserve finite coproducts.
As such it admits a left adjoint which equips D € Catgo with the cocartesian monoidal
structure. Moreover, the inclusion Catll < Cato, admits a left adjoint which takes an co-
category C to the free finite-coproduct completion, namely the full subcategory of Psh(C)
spanned by finite coproducts of representables. Thus, both functors commute with limits,
and so the composition does as well.

For the second functor, we simply observe that it is given by the composition
—)op CAlg(— —)op
Cat2 o, Cat2 CAle(), Catoo it Catoo,

which immediately implies the claim, since taking the opposite category is an involution,

i.e. an equivalence of categories, and so commutes with limits. ([l

Definition 2.7. For an E..-ring R we refer to
CAlgp := CAlg(Modg),
cCAlgp := cCAlg(Modg)

as the category of R-algebras and R-coalgebras, respectively. Moreover, we write CAlg®'
and cCAlg%' for the full subcategory spanned by the (co)-algebras whose underlying R-

module is connective.
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Remark 2.8. Let f: R — R’ be a morphism of commutative ring spectra, then we have

the well known adjunction between base change and restriction of scalars

I+
%
Modg ; Modpg: .
The functor f* is strong symmetric monoidal, while f, is lax symmetric monoidal. Hence,

they induce an adjunction fitting in the commutative diagram

I+
CAlgp ~ 7  CAlgp

Iz
L7
Modg TT*) Mod g/
The functor f, is however not oplax symmetric monoidal and so does not induce a functor
on coalgebras. Nonetheless, since colimits of coalgebras are formed underlying and f* :
Modgr — Modp commutes with colimits, so does f* : cCAlgp — cCAlgp,. Hence, by the
adjoint functor theorem, the base change functor on coalgebras does admit a right adjoint,
which we denote fi. Notice that the diagram

cCAlgp P cCAlgp

| |

Modp «2"— Modg

does not commute. Indeed, since R’ and R are the terminal objects in ¢cCAlgp and
cCAlgp respectively, we get that fi(R') = R as fi preserves limits. We do not know of a
general formula for fi, however we will see that it plays a central role in formulating the

deformation theory of coalgebras.

2.2. Presentably symmetric monoidal co-categories and duality. We now restrict
our attention to coalgebras in presentably symmetric monoidal oo-categories. We have
already seen in Proposition [2.5] that such coalgebra categories are again presentable, which
is essential for the existence of the right adjoint fi : cCAlgr — cCAlgy discussed in
Remark[2.8] In a presentably symmetric monoidal co-category we also have a well behaved

notion of duality between coalgebras and algebras, which we wil discuss next.

Definition 2.9. Let Pr denote the oo-category of presentable co-categories and functors
which commute with colimits. By |[Lurl7, Proposition 4.8.1.15.] Prl inherits a natural
symmetric monoidal structure, such that we have a map € x D — € ® D exhibiting
Fun™(€ ® D, €) as the category of functors € x D — & which commute with colimits
in each variable separately. We call CAlg(Pr") the category of presentably symmetric

monotidal co-categories.
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Example 2.10. If R is an E-ring then the category of R-module spectra Modp is
presentably symmetric monoidal.

Remark 2.11. If C is presentably symmetric monoidal, the functor — ® — commutes with
colimits in both variables separately. Thus, since € is presentable, for every X € C the
functor X ® — : € — C admits a right adjoint, i.e. € is also closed monoidal. We denote
this right adjoint by mape (X, —). This assignment defines a functor C°? — Fun(C, €), and
we denote its adjoint as
mape(—, —) : €7 x € = €.
Notice that, since — ® — is symmetric, we have that
Mape (Y, mape(X, Z)) ~ Mape(X @Y, Z)
~ Mape(X, mape (Y, Z))
~ Mapeur (mape(Y, Z2), X)

for all X,Y,Z € €. Thus, for each Z € €, the functor mape(—, Z) is adjoint to itself.

For a presentably symmetric monoidal oo-category C there is also a “generalized sus-
pension coalgebra” functor § — cCAlg(€) which we now construct. In particular this gives
the coalgebra structure on the R-module C,(X; R) for R any E.-ring and X a space.

Proposition 2.12. Let C a presentably symmetric monoidal oo-category. Then the functor

which sends a space X to the colimit over the constant diagram X — % 2o @ s symmetric

monoidal with respect to the cartesian monoidal structure on 8.

Proof. Since — ® — commutes with colimits in both variables separably by assumption,
we have that:

(co)l(im le) ® (co}lfim le) ~ Co)I(im co}lfim(le ® le) ~ (:)(()l;}r;l le.
21@

O

Lemma 2.13. Suppose C is an oo-category which admits finite products and equip it
with the cartesian monoidal structure. Then the forgetful functor cCAlg(C) — C is an
equivalence, with inverse given by equipping an object X € C with the comultiplication
given by the diagonal map X — X x X and counit given by the terminal map X — *e.

Proof. By |Lurl7, Corollary 2.4.4.10.] the map CAlg(C°?) — C°P is an equivalence, hence
the claim follows by applying (—)°P. O
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Example 2.14. By Proposition for each Ey-ring R the singular chains functor
8 — Modp
X — R[X]
is strong symmetric monoidal and thus induces a functor
R[—] : 8 ~ cCAlg(8) — cCAlgp.

Hence, the R-homology of a space X carries a natural coalgebra structure.

Construction 2.15. Suppose € is a closed symmetric monoidal category, then we have
a natural map

mape(A, B) ® mape(A4, B) — mape(A® A, B® B)

which is adjoint to the double evaluation
(A ® mape(4, B)) ® (A ® mapg(4, B)) <2%% B® B.
This can be phrased elegantly by saying that the functor
mape(—, —) : CP x € — C
is lax monoidal with respect to the monoidal structure on C°? x €, defined by
(A, B) ®copxe (C,D) := (A® C,B® D).

Thus, it induces a functor

mape(—, —) : CAlg(C? x €) ~ cCAlg(€)°? x CAlg(€C) — CAlg(C),
so in particular, for each R € CAlg(C) we get a functor

mape(—, R) : cCAlg(C)°P = CAlg(C?) — CAlg(C).

For a coalgebra A € cCAlg(C) we call the algebra mape(A, 1e) the dual algebra of A.

Example 2.16. As a special case, we see that for every Eo-ring R and every space X
the R-cohomology of X

mapsg, (S[X], R) ~ mapp(R[X], R) ~ li)I(nR =R~

inherits a ring structure from the coalgebra structure on the R-homology R[X].

Proposition 2.17. Let C be a symmetric monoidal co-category and denote by CI% the
full subcategory of dualizable objects. Then the assignment X s XV induces a strong
monoidal equivalence (C1)°P ~ edual - Noreover, if @ is closed monoidal, then the dual

is given by XV ~ mape(X, 1e).

Proof. This is [Lurl8, Proposition 3.2.4]. O
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Corollary 2.18. For every symmetric monoidal oo-category C the functor
cCAlg(ePeryor =5 CAlg(ePert)
A AY

is an equivalence of categories with inverse taking R € CAlg(CP™) to the dual RV with
the induced coalgebra structure.

Remark 2.19. Observe that, since the tensor product of two dualizable objects X, Y € €
is again dualizable with (X ® V)V ~ XV ® YV, the inclusion functor CP*f — @ exhibits
cCAlg(€P) as the full subcategory of cCAlg(€) spanned by those coalgebras whose un-
derlying object is dualizable. We call a coalgebra A € cCAlg(C) dualizable if it belongs to
this category.

For a symmetric monoidal oo-category € and X,Y € € with Y, we have that by def-
inition the space of maps X — Y is equivalent to the space of maps XV — YV. The
corresponding statement for maps of coalgebras holds as well, however in the derived set-
ting this is not immediately clear. To this end we prove a lemma, during which employ
the following terminology:

For a functor F' : € — D we say that A € C is F-local, if the natural transformation
Mape(A, —) — Mapq (F(A), F(—)) is an equivalence.

Lemma 2.20. Let C,D be symmetric monoidal co-categories and F : C — D be a lax
symmetric monoidal functor. Suppose we have R € CAlg(C) such that each tensor power

R®™ considered as an object in C is F-local. Then the map
F
MapCAlg(C) (Rv S) - MapCAlg(D) (F(R)a F(S))

s an equivalence.

Proof. Since F' is lax symmetric monoidal, it induces a map of co-operads
e® ! , DS
x %

Fin,

which takes any (Aip,...,A,) € 6%) to the point (F(A1),...,F(Ay)) € CD‘Z%). A com-
mutative algebra structure on an object R € € is precisely given by a a section sg of p
which takes (n) to (R,...,R) € €,y and maps inert morphisms to inert morphisms. Let
¢ : (ny — (m) be a morphism in Fin, and denote by p; : (n) — (1) the unique inert map

which sends 7 — 1. For each 7 we have a factorization

(n) 5 (k) T (1)
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of p; o into an inert map 1; and an active map m;. Then for each B = (By,...B,,) € C®

we get equivalences

Mapge (sr((n)), B)

12

[I Mapfs?((R,....R), B)

i=1,....,m

~ ] Mape(R®", B))

i=1,...,m

~ [I Mapp(F(R)®", F(B))
i=1,....m

~ ] Maphe?((fosr)((n), Bi)
i=1,..m

~ Map%@u((f o sgr)((n)), B),

hence each value of sp : Fin, — C%® is f-local, and thus sp is local with respect to the
functor f, : I'(p) — I'(¢). Since CAlg(C) and CAlg(D) are full subcategories of I'(p) and
['(q) respectively, the claim follows. O

Proposition 2.21. Let C be a symmetric monoidal co-category and A, B € cCAlg(C) with
A dualizable. Then the natural map

Map,cage) (B, A) = Mapgage)(AY, BY)
18 a homotopy equivalence.
Proof. Apply Lemma to the duality functor (—)Y : €°P — C. O

Because algebras are much better understood than coalgebras, especially in oo-land, we
will rely on this proposition to deduce as much as possible about the coalgebraic setting
from already established results.

3. ABSTRACT DEFORMATION THEORY

In this chapter we review the theory of square zero extensions and the deformation
theory of functors X : CAlg™ — 8, as developed in |[Lurl7] and [Lurl2].
In the following let R denote a connective E,,-ring and R— Ra square zero exten-
sion with fiber M € Mod%'. The goal of deformation theory is to describe the fiber

fiba(X(R) — X(R)) over some point A € X(R), that is we want to understand the dif-
ferent ways A can be lifted to a point of X (E) Problems like these already abound in
ordinary mathematics, however the derived setting allows for significantly more flexibil-
ity and conceptional clarity, sidestepping the need for ad-hoc introduction of cohomology
groups and cocycle computations. The approach due to Lurie is as follows: Square zero
extensions R — R with fiber M are obtained by pulling back along maps into a classifying
object R @ M[1] € cCAlg,p, namely the split square zero extension with fiber M([1]. For
well behaved functors

X : CAlg™ — 8
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the space X (R) can then also be obtained by pulling back along the induced map X(R) —

X (R & M][1]). In this case the fiber fib4 (X (R) — X (R)) is given a path space in X(R &
M][1]). Moreover, for each A € X(R) writing

xHEMInL.— g, (X (R @ M[n]) — X(R))

the sequence {Xf@M[n]}neN defines a spectrum T)]}/[A which thus combines all of the infor-
mation about lifting against square zero extensions with fiber M|[n] for some n into one
spectrum. For M = R this is called the tangent complex of X at the point A. The major
inconvenience here is that in general T% is not determined by T'x ,, and so lifting against
a square zero extension with fiber M may be a very different problem than lifting against
one with fiber R. In some cases however, the functor

Mod® — 8 M s XM

is almost corepresentable, i.e. given by Mapp(Lx,, —) for some not necessarily connective
R-Module Ly, called the cotangent complex of X at the point A. We can think of this
as X being “infinitesimally representable”. For an in-depth exploration of the question
of how far this is from being actually representable see [Lurl2]. For our purposes, this
effectively reduces the problem of describing lifts of A € X (R) along an arbitrary square
zero extension of R to the computation of a single spectrum. For an E-ring S and the
functor
CAlg™ — 8 R +— X(R) = Spec(S)(R)
the spectrum Ly, is closely related to the usual cotangent complex Lg of the ring S,
hence the terminology.
3.1. Square zero extensions and deformations.
Proposition 3.1. For every Eo-ring R there is an equivalence of categories
Modg = Sp(CAlgR)
such that for each n > 0 the functor
Modg = Sp(CAlg ) =+ CAlg)p,

sends a module M to an augmented R-algebra whose underlying R-module is given by the
direct sum R @ M|n].

Proof. This is [Lurl7, Theorem 7.3.4.13]. O

Remark 3.2. For a connective Eo-ring R and a connective R-module M we call QM =
R @ M with the R-algebra structure described above the split square zero extension of R
along M. If R and M are discrete, the multiplication is explicitly given by

(a+m)(b+n) :=ab+ an + mb.

In particular, in this case we have that R ® R ~ R[x]/z%.
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Definition 3.3. For a connective Eo-ring R and a connective R-module M we say that

a map R" — R is a square zero extension of R along M if it fits into a pullback diagram

RN — R

l |620)

— MIJ1].
R ) R® M[1]

Moreover, we call the mapping space Mapc Alg/R(R, R @& M) the space of derivations 7 :
R— M.

This definition make sense without any connectivity assumptions. However, since our
interest lies primarily in the case where everything is connective, we have chosen to include

them in the definition to avoid awkward terminology.

Remark 3.4. Note that the split square zero extension is precisely the one classified by

the zero derivation
id,0
R Y g ).
Moreover, if R7T — R is any square zero extension then by taking fibers we get a commu-

tative diagram with exact columns

|

R —

~

— M
lo
R

(id,0)

R Y R ML

So, in particular, we have a fiber sequence M — R" — R. Moreover, by applying — @z M
to the diagram we get
M®2 ~ , M®2

l I

R'"@p M —— M

l J/(id,o)

M —— M & M®?[1].

Hence, the composition M®? — R" ®z M — M is nullhomotopic, i.e. the action of M on
itself induced from the R"-action is trivial. This is the sense in which these extensions are

“square zero”.

Remark 3.5. For any connective R-module M the augmented R-algebra QM = R M
inherits the structure of an Eo.-monoid in CAlg,p with delooping given by R & M][1].
Thus, we can think of R @ M|[1] as the classifying object for square zero extensions with
fiber M, the “universal” derivation being given by the trivial section R — R@® M[1]. From
this perspective, a square zero extension is precisely a R & M-torsor in CAlg /R-
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Defining square zero extensions in this abstract, very general way will be very useful
for our deformation theoretic purposes. However, we also need a criterion for deciding
whether a given map of Eo-rings is a square zero extension. This is provided by the

following statement.

Proposition 3.6. Let R' — R be a map of connective Eo-rings with fiber M such that
M € Sps,, N Sp<y, and the multiplication map M @r M — M is nullhomotopic. Then

R’ — R is a square zero extension.
Proof. This is immediate from [Lurl7, Theorem 7.4.1.23.]. O

Example 3.7. If R’ — R is a surjective map of ordinary commutative rings with kernel
M C R', then R’ — R is a square zero extension if and only if M2 = 0. In particular, for

n—1

every n the map Z/p" — Z/p"~" is square zero with kernel F),.

Example 3.8. If R is any E-ring, then the map 7<,R — 7<,—1R is a square zero

extension with fiber 7, R[n].

For a functor X : CAlg®™ — § and a square zero extension R"7 — R we want to study

the fibers of the map X (R") — X (R), i.e. given A € X(R) we wish to understand the
space of deformations of A to an object Ae X (R™). Notice that, since R and M are

connective, the derivation
RO R M

is surjective on g, indeed an isomorphism. This motivates the following definition for a

class of functors which is “well behaved” with regard to square zero extensions.

Definition 3.9. A functor X : CAlg®™ — 8§ is called:

(1) Cohesive if for any pullback diagram of connective E,.-rings

R —— 5

|

R—— S

which induces surjections mgR — 7S and m9S" — myS, the diagram
X(R) —— X(9)

| |

X(R) —— X(S)

is a pullback of spaces. We refer to such pullbacks of Ey.-rings as small pullbacks.

(2) Nilcomplete if for every connective Eo-ring R the natural map

X(R) — lim X(7<, R)

is a homotopy equivalence.
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Example 3.10. Let R be a connective E-ring, then the functor
Spec(R) : CAlg™ — 8 S+ Mapcaie(R, S)

is cohesive since the inclusion CAlg®™ — CAlg commutes with small pullbacks and Spec(R)
is the restriction of the corepresented functor Mapg sy, (R, —) : CAlg — 8.

Construction 3.11. Let X : CAlg®™ — 8 be a cohesive functor, R € CAlg®™ and A €
X (R). Then we define a functor

X, :CAlglr =8 (R — R) — fiba(X(R) — X(R)).
We call Xﬁl the space of deformations of A along R’ — R.

Remark 3.12. If X is cohesive and nilcomplete, then for every connective E-ring R
and every A € X (7<oR) we have an equivalence
R 1 T<nR
XA — I%HX A )
i.e. we can construct lifts to R by inductively lifting against the square zero extensions
T<nR — T<n—1R. This will be very useful for applications, however we will not need
nilcompleteness for the theoretical groundwork that makes up the rest of this chapter.

3.2. The tangent and cotangent complex.

Definition 3.13. Let C,D be oo-categories, then a functor F': € — D is called:

(1) Reduced if it preserves the terminal object.

(2) Ezcisive if it takes pushouts to pullbacks.
Proposition 3.14. Let X : CAlg — 8 be cohesive and A € X(R) be an R-valued point.
Then the functor given by the composition

en 7 IModcn o Xa
Modg' —— CAlgj — 8

1s reduced and excisive.
Proof. Clearly, we have X ~ «, so the functor is reduced. Since X is cohesive and taking

fibers commutes with limits, the functor X, takes small pullbacks to pullbacks. Hence,

the claim follows from [Lurl7, Proposition 1.4.2.13] by observing that Q°°[yoqer sends

I

0 —— M[1]

to the small pullback
ReM —— R

l Jﬁ(id,O)

R — Re M,
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. ROM][1
i.e. we have QXA69 S XEPM for any M € Mod$. O

Construction 3.15. Let X : CAlg®™ — 8 be cohesive and A € X(R). Then by [Lurl7,
Proposition 1.4.2.22] we obtain an essentially unique factorization

_ Sp
Txy 7 lmo

-
-
-

cn
where for M € Mod%' the spectrum T)J}/‘; is given by the sequence of spaces {Xi@M[n]}n.
For M = R we call T}?A =: Tx, the tangent complex of A.

Warning 3.16. The name tangent complex is a historical convention and somewhat
misleading. In general, the spectrum T’y , is not contained in the full subcategory D(Z) C

Sp i.e. cannot be modeled by a chain complex of abelian groups.

Lemma 3.17. For a connective Ex-ring R denote by Mod%"™ C Modp, the full subcategory
spanned by those R-modules which are contained in (Modg)>, for some n and let F :
Mody' — 8 be an excisive functor. Then F admits an extension to an excisive functor
Mod%™ — 8 which is unique up to contractible choice.

Proof. This is [Lurl2, Lemma 1.3.2]. O

Proposition 3.18. Let R be an Ex-ring, X : CAlg™ — 8 be cohesive and A € X(R).
Then T, inherits a natural R-module structure such that for any perfect connective R-

module M we have a natural equivalence T%A ~Tx, ®r M.

Proof. By Lemma we can extend the functor F' = X )}?i?_ : Mod%' — 8 uniquely to an
excisive functor F' : Mod®™ — 8. Since Mod%™ is stable, F” is an exact functor. Thus, the

restriction F'|,, per is also exact, hence, since Sp is stable, [Lurl7, Proposition 1.4.2.22]
Mod,
implies that we get an essentially unique lift to an exact functor F' : Mod%erf — Sp.

Finally, applying [Lur08, Proposition 5.5.1.9] we see that F induces a colimit preserving
functor Ind(Mod%erf) ~ Modg — Sp, which under the equivalence

Fun®(Modg, Sp) ~ Modg G — G(R)

yields a R-module whose underlying spectrum is given by Tx,. O

Proposition 3.19. Let X : CAlg™ — 8 be a cohesive functor and R" — R a square
zero extension classified by a derivation R > M(1]. Then for each A € X(R) the space
of deformations Xin 1s either empty or a torsor under the grouplike Eo.-monoid QOOT)]}/;.
Moreover, n determines an obstruction class in ﬂ_lT)]}/;, which vanishes if and only ifo}"

18 mon-empty.
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Proof. Since X is cohesive, applying X, to the pullback diagram defining R"

RN — R

| I

—_— M1

we get a pullback of spaces

X s«

J [

R®MI1]
* AN XA ’

exhibiting Xin as the space of paths in X}:@M[I] between the points A° and A”7. Hence, it
is non-empty if and only if the homotopy class determined by the map

s 2 XHOMUT o oo 11

vanishes. Moreover, in this case Xﬁ" is a torsor under the loop space based at A%, which
is given by
ReM[1] _ ~ROM M

0

Proposition 3.20. Let X : CAlg™ — 8 be cohesive and R — R’ a map of connective
Eoo-rings. Moreover, let A € X(R) be a R-valued point and denote by A’ the image of A
under the induced map X (R) — X(R'). Then for every M € Mod% we have a natural
map

T, = TY,

which is an equivalence if the map moR — moR' is surjective.

Proof. Applying X to the pullback of connective E-rings
R®M —— RReo M

A

and taking the fibers over the points A € X(R) and A’ € X(R') gives a commutative
diagram

!
Xi%@M Xﬁ/ oM

| |

X(RoM) — X(R' & M) -

| |

X(R) — X(R)
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The map Xf@M — Xf,/@M is natural in M and thus gives a map of spectra T)J‘é‘ — T]Vi/
as claimed. Moreover, if R — R’ is surjective on mp, then the pullback of E..-rings is
small. Hence, since X is cohesive, the map X E@M — X f,/ ®M is an equivalence and thus
the induced map T% — T)](V; , is as well. O

Notice that, if R" — R is a square zero extension of connective E-rings the map
moR" — moR is necessarily surjective. Thus, if we are given A € X(R) and a lift A7 €
X (R"), we know that if we have M € Mod$, such that the R7-action factors through R,
then T%A , agrees with T% . The following Proposition shows that we can compute the
value of T);An on arbitrary connective R"7-modules in terms of T’ X,

Proposition 3.21. Let X : CAlg™ — 8§ be cohesive, R € CAlg™ and A’ € X(R). Let
R" — R be a square zero extension with fiber M such that A" admits a lift A € X(R").
Then for any N € Mod%, if we have that T)]}/{L‘?R(RQ@R"N) ~ T)];TSR"R ~ 0 it follows that
T)](VA ~ 0.

Proof. Applying the functor — @ gn N to the extension
M — R"— R

yields a cofiber sequence
M ®@pn N -+ N — N Qgn R

of connective R"-modules. Now the functor T° X, Mod%, — Sp is excisive, hence we get

a fiber sequence of spectra
M®pgn N N N®@grnR
Ty, =Ty, = Tx, .

Since the extension R"7 — R is square zero, the action of R"7 on M factors through R,

i.e. we have that
M ®pn N ~ (M@RR) R N~ M Qp (R@Rn N)

Applying Proposition [3.20] we see that

M N M N
T ®Rr(R®pnN) ~T RRr(R®pnN) ~0
Xa X

and similarly
Ty et~ et o g,

which proves the claim. O

Remark 3.22. Note that in the setting of Proposition if M and N ®gn R are perfect
R-modules, Proposition @ implies that it suffices to assume that Tx,, ~ 0. Moreover,
as part of the proof we have seen that every connective R"7-Module N sits in a cofiber

sequence
M@R (R@Rn N) — N — R®Rn N.
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If we think of NV as a lift of R®grn IN along the square zero extension R”7 — R, this is part of
a description of the deformation theory of connective modules. The complete description
may be deduced from Proposition

Definition 3.23. Let X : CAlg™ — 8 be cohesive, we say that X admits a cotangent
complex at a point ¢ € X(R) if there exists a (not necessarily connective) R-module Ly,
together with for every M € Mod§f' an equivalence

Mapp(Lx,, M) = fib,(X(R® M) - X(R)) = X[,

which is natural in M.

Remark 3.24. Observe that, if X : CAlg®™ — § admits a cotangent complex at a point
¢ € X(R), then for every connective R-module M, considering the composition
x5e-
gin _ M Nodp ~ ¢ 8
Mapp(Lx,,—)

gives a natural equivalence of R-modules

mapg(Lx,, M) ~Ty..

©

In this sense, the tangent complex is the dual of the cotangent complex. The cotangent
complex is a much more useful invariant, since it does not depend on the module M.
However, as we will see in Example [3.26 not every cohesive functor admits a cotangent

complex.

As an example we now discuss how the well-known cotangent complex of an E,-ring
R relates to this formalism. Later we will use this comparison to analyze the deformation
theory of dualizable coalgebras.

Example 3.25. Let R be any E.-ring. The composition

Modp 255 CAlg,p 2, g

is accessible and commutes with limits. Thus, since Modpg is presentable, the adjoint
functor theorem implies that it is corepresented by an R-Module Ly called the cotangent
complex of R. Now the functor

X = Spec(R) : CAlg™ — § S = Mapga (R, S)
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is clearly cohesive. Moreover, for any (¢ : R — S) € Spec(R)(S) and M € Modg' we get
that
fiby(Mapcaig (R, S © M) — Mapgye (R, S))

~ MapCAlg/s (R,S®& M)

~ MapCAlg/R(R, R® ¢, M)

~ Mapg(Lg, p«M)

~ Mapg(¢*Lg, M).
Hence, we see that the functor Spec(R) admits a cotangent complex at every point ¢ €

Spec(R)(S), given by the S-module ¢*Lg. Explicitly, this tells us that the space of lifts

in the diagram
Se M
e |

R LN S
is naturally identified with QOOT%J = Mapg(¢*Lg, M). Moreover, if Lr ~ 0, then R
admits unique lifts against arbitrary square zero extensions. In the case S = R and
v = id MapCAlg/R(R,R @& M) = Mapp(Lgr, M) is also called the space of derivations
R — M, which in the discrete case can be explicitly described via additive maps satisfying
the Leibniz rule. Although the existence of a cotangent complex for coalgebras remains
unclear, we will show that there is a coalgebraic notion of derivations which play a similar
role in the deformation theory.

Example 3.26. Proposition implies that the functor
X :CAlg™ 58 R (CAlgE)2’

is cohesive. Moreover, it follows from [Lurl7), Proposition 7.4.2.5] that for every S € X (R)
there exists an S-module Lg g called the relative cotangent complez, together with, for
every connective S-module M a natural equivalence

Mapg(Lg/r, M[1] ®r S) = fibs(X(R® M) — X(R)).

Thus, the problem of lifting S to a R @ M-algebra R is equivalent to finding a map of
R-algebras fitting into the diagram

S @ (S ®r M[1])

-
-
-
-
-
>
-
-

Note that, since the assignment

M — Mapg(Ls/p, M[1] ®p S)
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does, in general, not commute with limits in M, the functor X does not admit a cotangent
complex at S in the sense of Definition [3.:23] even though the deformation theory of X at
S is controlled by the module Lg/g.

Both these examples show that the module Lg/r controls a great deal of deformation
theoretic questions around the ring S. The first is largely trivial, but the fact that the
problem of lifting objects between categories of algebras can be reduced to the problem
of lifting maps of algebras is surprising. We now investigate how well this story can be
dualized to coalgebras.

4. DEFORMATION THEORY OF COALGEBRAS

We now apply the machinery reviewed in the previous section to study various deforma-
tion theoretic questions about coalgebras in the category of spectra. To this end, we first
prove that the functor CAlg™ — Cat., which takes a connective E.-ring spectrum R to
the category cCAlgy' commutes with small pullbacks and limits of Postnikov towers. We
then show that our deformation problems against square zero extensions with fiber M are
equivalent to lifting problems against a certain map of coalgebras Q% (M) — A. We define
formally étale coalgebras as those for which this map is an equivalence and show that, if A
is dualizable and AV is formally étale, then A is formally étale as well. We then discuss the
main deformation problem of constructing lifts along the base change cCAlg%w, — cCAlgR'
for some square zero extension R" — R with fiber M. We show that if A € cCAlg§y' is
formally étale then this problem admits a contractible space of solutions and that these
are again formally étale. Moreover, we show that the assignment of A to its essentially
unique lift A7 € cCAlg$, refines to a fully faithful functor W), : cCAlgi"™ — cCAlgS,.

4.1. Descent and completion. Our entire discussion rests on the following descent re-
sult for modules.

Theorem 4.1 (Lurie). Suppose we have a pullback of connective Eq,-rings

R —— 9

]

R—— S
such that one of the maps moR — moS, ®0S" — moS is surjective. Then the natural map
Mod% — Mod%' X Modg Modg
is an equivalences of categories with inverse taking a point in the pullback (M, N,h),

consisting of M € Mod®',N € Modg and a homotopy h : M ®r S ~ N ®g S, to
M Xpgps N with the induced R'-module structure.

Proof. [Lur2l, Theorem 16.2.0.2.] O
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Corollary 4.2. In the setting of Theorem[].1], the map
Modf — Mod®' Xpodg Modgs
mnduces equivalences
cCAlgH = cCAlgH X coalge cCAlggr,
CAIg%} = CAlg(jp? XCAlgg“ CAIg%I}

Proof. Recall that by Proposition [2.2] the forgetful functor
CAlg(Cats) — Catoo

commutes with limits. In particular, a pullback of presentably monoidal categories and
strong monoidal functors
Cxpl —— &

L]

C— D
inherits a natural symmetric monoidal structure. Moreover, by Lemma [2.6| we have an
equivalence
cCAlg(€C xp &) ~ cCAlg(C) X calgn) cCAlg(E),

so the first claim follows. The argument for CAlg®™ is exactly the same. 0

This tells us that for a connective R-coalgebra A, a connective S’-coalgebra B and an
equivalence A ®p S ~ B ®g S the pullback of spectra A X 45,5 B inherits a natural
R’-coalgebra structure and in fact every connective R’-coalgebra is of this form. We can
immediately apply this to the deformation theory of coalgebras. Let R"” — R be a square
zero extension classified by a derivation n : R — M[1] and let A € cCAlg®' be a coalgebra.
Then by Theorem the pullback of ring spectra

RN — R

l |620)

R “wan R & MI1]

induces a pullback of co-categories

cCAlggy, — cCAlgy'

| |

cCAlgly —— cCAlg%n@M[l}

Thus, a R"-coalgebra is given by a R-coalgebra A together with an equivalence of the
two base changes A ®g (R ® M[1]) ~ A®, (R® M][1]). If such an equivalence exists, the
R"-coalgebra is classified by a map d : A — A ® M][1] in the sense that its underlying
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spectrum can be computed as the pullback

A 4

l |6a0)

A ) A A® MI[].

However, the module A® A® M[1] does not admit a natural coalgebra structure, exhibiting
the map A M A® A® M[1] as a coalgebra morphism. Even if this was the case,
this would not recover the coalgebra structure on A¢ since limits of coalgebras are not
formed underlying. This is one of the main defects of the deformation theory of coalgebras
compared the one of algebras. For S € CAlg®', we can forget the R & M]1]-algebra
structure on S ®p M|[1] and exhibit the map S 140, g @ S ®r MJ[1] as a morphism
of underlying R-algebras. This fact is exploited by Lurie in [Lurl7, Proposition 7.4.2.5]
to give a full classification of connective E-algebras over a square zero extension in
terms of algebras over the ground ring. However for coalgebras, there is no forgetful
functor which gives us the “underlying” R-coalgebra, only the mysterious right adjoint
cCAlgra 1) — ¢CAlgg. The goal of this section is to understand how big of a problem

this poses and which parts of the story carry over regardless.

Lemma 4.3. Let --- — Ey — E1 — FEy be a diagram of spectra. Suppose we are given
L > 0 such that for all ¢’ > ¢ > L the map Ey — Ey is m-connective. Then for any £ > L
the map

lim E, — Ey

iy

s m — 1-connective.

Proof. Writing Fy o = fib(Ey — Ey) and Fy = fib(lim,, E,, — E;) we want to show that

F)y is m-connective. Indeed, since limits are exact, we have that

Fy~limFp,~1i Fy Fyp_ .
¢~ lim Fyr g b (H v H 7 1,2)
>4 >4
Thus, since Sps,, is closed under products and the fiber of a map of m-connective spectra
is m — l-connective, the claim follows. [l

Proposition 4.4. Let R be a connective Eoo-ring. Then the natural map
Mod®" — @MOd:I;nR Mw— M ®p1<nR
n
s an equivalence of categories.

Proof. We write R,, := 7<pR. The functor admits a right adjoint which takes (M,) €

@ Mod%' to the limit lim,, M, which inherits a natural action by lim, R, ~ R. Now
n n

let N € Modpg. Since taking limits is exact, the counit of the adjunction sits in a fiber
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sequence
lim fib(N — N ®g R,) = N 2 lim(N ®g R,,).

where we compute for the left hand term that
fib(N - N ®@gr R,) ~ fib(N ®r R — N ®r R,) ~ N ®p fib(R — R,,).

Now, since R,, = <, R, the connectivity of fib(R — R,,) increases with n. Hence, since R
and N are connective, so does the connectivity of the tensor product N ®p fib(R — R,,)
which implies that @n N ®p fib(R — R,,) ~ 0. Thus, the counit N — lim, (N ®r R,,) is
an equivalence.
Now let (M,,) € %&nn Mod%' and write M = lim,, M,. We need to show that the natural
map

er: M ®r Ry — Ry
is an equivalence for each k. We do this by showing that it is m-connective for any m > 0.
Indeed, for any such m there exists an integer L such that for all £ > ¢’ > L the natural
map Ry — Ry is m-connective. Since My ~ My, ®pg, Ry we have a fiber sequence

My R, (ﬁb(Rg — Rg/)) — My — M.

Hence, since fib(R; — Ry) is m-connective and R, and M, are connective, the tensor
product My ®g, fib(Ry — Ry) is m-connective as well. Thus, for fixed m and k we may
apply Lemma to obtain ¢ > k such that the maps M — M, and R — Ry are both
m-~connective. Finally, the map

8k:M®RRk—>Mg®RZRkEMk

is given by the colimit of the induced map between the bar resolutions

1l 1l

MRRRR, —— My, Ry @ Ry, ~

L [

M@Rk —)Mg@Rk

Denote by F;, the fiber of the map M @ R®" ® Ry, — M, ® R?” ® Ry,. Since the tensor
product of m~-connective maps is again m-connective, the fiber F;, is m-connective. Thus,

by exactness of colimits, we obtain a fiber sequence
colim F,, — M ®pr Rr =& M;,

and finally, since taking colimits preserves connectivity, this shows that the map ¢ is m-
connective. Since m was arbitrary, the map ¢y is in fact an equivalence which completes
the proof. O
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Corollary 4.5. Let R be a connective Eo-ring, then the natural maps
cCAlgR — l'LInCCAIg?r;lnR
n
CAlgR — lim CAlg?? r
n
are equivalences.

Proof. Analogously to Proposition this follows by observing that the map

Mody' — limMod?2 r M — M ®r1<nR
- <

from Proposition [4.6|is strong monoidal. g

Corollary 4.6. For any n € N the functor CAlg™ — 8 which takes a connective Eqo-ring
R to the space (cCAlgi)™" := Mapc,,. (A", cCAlg$') is cohesive and nilcomplete.

Proof. This is clear since the functors Mapc,, (A", —) : Cato, — 8 commute with limits.
O

In particular, we immediately obtain the existence of a tangent complex which controls
lifts of coalgebras.
Corollary 4.7. Let A€ X(R) = (CCAlg%l)AO and let R" — R be a square zero extension
classified by a derivation R - M(1]. Then the sequence {Xi%eaM[n]}neN defines a spectrum
T)]}/[A, yielding an obstruction class A" € F_lT%q such that, the space of deformations of

A to a R"-coalgebra is non-empty if and only if A" vanishes and, in this case, is a torsor
under QOOT% = XE@M.
Proof. This is exactly Proposition [3.19 g

4.2. Formally étale coalgebras and derivations. We now want to introduce a class
of coalgebras for which all these lifting problems have a contractible space of solutions and
find an alternate description of the Tangent Complex via a notion of derivation. We begin
with the following general observation.

Construction 4.8. Let C, D be co-categories and f* : € — D with right adjoint fi : D —
C. Moreover, suppose we have g* : D — € such that ¢* f* ~ ide and consider the natural

transformation
T fiff S g A = gt T S ide

defined as the whiskering of the counit ¢ : f*fi — id as in the diagram

R S
C——D ﬂ D —— C.
\ﬁﬂ

Unraveling the definition we see that for each B, A € € the composition

Mape(B, fif*A) = Mapa(f*B, f*A) L5 Mape (B, A)
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takes ¥ : B — fif*A to the composite m4 o 9. Thus, for each ¢ : B — A we have an
equivalence between the fiber

fib, (Mapy (f*B, f*A) £ Mape(B, 4))
and the mapping space

Mape,,, (B =+ A), (fif ‘A" A)).

Example 4.9. Let R € CAlg and let X(—) = cCAlg_. Moreover, let A, B € cCAlgp,
M € Modgr and suppose we are given a map of coalgebras ¢ : B — A. Denote the
natural inclusion as fp; : R — R’ together with it’s section gy : R ® M — R. Recall the
adjunction

S
cCAlgg , + " cCAlgpan
I,

described in Remark [2.8 and set
QX (M) == fuifuA € cCAlgp.

We want to analyze the space of lifts of ¢ to a map fy,B — fy;A. Since gy fur = id, we
also have g}, f+; = id. Thus, Construction [4.8| gives a natural map of R-coalgebras

TA QA(M) — A
exhibiting the fiber

fib,, <MapCCA]gR®M(f]T/[Bu fiarAd) — MachAlgR(B7A))

as the space of lifts in the diagram
Qx (M)
o
e
B— A
Moreover, if we assume that A is connective, the problem of constructing a lift of the

coalgebra A itself can now be described as follows: Let X = (cCAlg®)2" and A € X(R).
Then since X is cohesive by Corollary we have an equivalence

R®M][1 * *
XHM o XM = by (Mapecatg,, o, (FirAs firA) = Mapeag (A, A))-
Hence, X fEBM is given by the space of lifts in the diagram

Qa(M[1])

///\[
e TA
-

Suppose we have an R-coalgebra A for which the lifting problems above admit a con-

tractible space of solutions. Then, for every B € cCAlgp composing with 74 gives an
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equivalence
MachAlgR(Ba Q%O(M)) = Map(Ba A)

Hence, by the Yoneda Lemma the map Q5 (M) T4, Ais an equivalence for all M € Modp.
Moreover, since the composition

AS QXM 4 A
is homotopic to the identity, the counit A = Q%M is an equivalence if and only if 74 is.

This motivates the following definition:

Definition 4.10. Let R be a connective E-ring, then for each R-coalgebra A we have a
functor
Mod# — Modr M +— Ca(M) := cofib(A = QX (M)).
We say that A € cCAlgp is formally étale if Cpr(A) ~ 0 for all M and denote the full
subcategory spanned by the formally étale coalgebras by CCAIg%ét C cCAlgp. Moreover,
given a map B 2, A, we define the space of derivations B — C4(M) as the mapping
space
Der,(B,Ca(M)) := MachAlgR/A(Ba Q¥ M).

Warning 4.11. The notation Q%M is at this point merely suggestive of the dual story in

the algebra world. There we had seen that, given a map ¢ : R — S we have equivalences
Mapcayg, (R, S @ M) ~ Mapcayg, , (R, R© g M) ~ Mapcyyg, , (R, Q% (0. M))
Where Q°° denotes the infinite loop space map
Modp = Sp(CAlg, ) “—+ CAlg,p
from Proposition [3.1] However it is at present unclear whether the functor
Modg — c¢CAlg /4 M — QY M

admits a similar description. This is the main obstacle to overcome in trying to deduce

the existence of a cotangent complex for a coalgebra A.

A coalgebra A € cCAlgp, is formally étale if and only C4 (M) admits only trivial deriva-
tions, which is the case if and only if the map QFM I4, A is an equivalence for all
M € Modg. Thus, we can think of derivations into C'4(M) as a measuring how far A is
from being formally étale. To see that this property is reasonable, i.e. one that is satisfied

by a nontrivial class of coalgebras, we now consider the case where A is dualizable.

Proposition 4.12. Let R be an Ex-ring, A, B € cCAlgp with A dualizable and M €
Modg. Write R = R® M and Ag: respectively Br: for the basechange along the inclusion
R — R'. Then for every ¢ : B — A there is a natural equivalence

Dery (B, Ca(M)) =~ Map gv(Lav g, ¢y mapp(B, M)).
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Proof. We know from Example that the space of derivations B — C4(M) is equivalent
to the fiber

FSO = ﬁbso (MachAlgR/ (BR’ ) AR’) - MachAlgR (Ba A))
Since A is dualizable, so is Ars with dual given by AY, ~ AY @ g R'. Thus, applying (—)"

we get an equivalence

Map,calg,, (Br, Ar) =~ Mapoayg,, (A” @r R, mapg (B, R'))
= MapCAlgR (Ava mapR(37 R,))

and similarly
Map,calg, (B, A) =~ Mapg g, (AY, BY).
Thus, F, is given by
F, ~fib,v (MapCAlgR (A", mapg(B, R)) — MapCAlgR<AV7 Bv))
~ Mapcalgy,) v (AY, mapg(B, R')),
i.e. the space of lifts in the diagram

mapgr(Bgr, R)

P
-~
-~
-~
-~
-
-
-

-

AV — s BV,
Since R’ — R is a split square zero extension with fiber M, the map mapy(B, R') — BY
is a square zero extension as well with fiber given by mappr(B, M). Hence, we have that

Fcp = MapAV (LA}/Q/Ra @XmapR(B, M))
as claimed. O

Corollary 4.13. Let R be an Ex-ring and A € CAlgp be dualizable such that L v, > 0.
Then A is formally étale.

Remark 4.14. It is unclear whether the converse of Corollary [£.13] holds. From Propo-
sition we can only deduce that

Map v (L av /g, psmapg(B, M)) ~0
for each coalgebra B, R-module M and morphism of algebras ¢ : AY — BY.

Construction 4.15. Let R be a connective Eoo-ring and B %, A a morphism of connective

R-coalgebras. Then the functor
Mod® — 8 M + Dery,(B,Ca(M))
is reduced and excisive. Indeed, denoting X (R) = cCAlgy', we may write

1 evp,ev 0 0
Der (B, Ca(M)) & b, many) ((X51)EEMN S0, (XA HOM o (7)oM)
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so both properties follow from Proposition since X2" is cohesive for every n. Thus, as
in Construction we can associate to the functor Der, (B, C4(M)) a spectrum which
we denote der, (B, Ca(M)).

Lemma 4.16. Let X (R) = (cCAlgS)A" and M be a connective R-module. Then we have
a natural equivalence T% ~ der(A,Ca(MI1])).

Proof. The space X§®M[1] is pointed by the coalgebra A’ := A ®p (R @& M][1]), and since

X is cohesive, we have that Xﬁ@M ~ A/XEEBMM. This loop space is then given by

ROM][1
Q14/‘)(A . & ﬁbidA (MapCCAlgReeM[l] (Alv A/) - MachAlgR (A7 A))
~ Derjq(A, Ca(M][1])).
This equivalence is natural in M and thus induces an equivalence of the associated spectra

T;?fM ~ der(A, C4(M]1])), as claimed. O

Corollary 4.17. Let A € cCAlgy' be formally étale and R" — R a square zero extension.
Then the fiber
fiba(cCAlgr, — cCAlgp)

is contractible, i.e. A admits an essentially unique lift to a R"-coalgebra.

We now discuss how to lift maps of coalgebras, with the goal of making lifts of formally
étale coalgebras functorial. To this end, we first compute the fibers of CCAlg(A_1 ) in terms

of the spaces of derivations introduced above.

Proposition 4.18. Let X(—) = (cCAlg™)2', R an E-ring and (A 5 B) € X(R).
Then for every connective R-module M the fiber XE@M can be computed as the pullback

Xf@M ~ Derid(B, CB(M[l])) XDerv(B,CA(M[l})) Derid(A, CA(M[”))
Proof. Since X Al g cohesive, the space (X Al)g@M fits into a pullback diagram

Xg@M — s %

L

O — XfeaM[l]

MOT are given by the base changed morphisms ¢ @ (R® M[1]).
If € is any category and (¢ : A — B) € €A then Q¢CA1 is given by the pullback

where the maps * — Xf@

Q2" — 5 Aute(A)

| I

Aute(B) w) Map@(A, B)
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ReM|1]

Thus, we can compute the loop space 2.X, as the pullback

QXJOMI 5 Derig(4, Ca(M1)))

| |

Deriq(B, Cp(M[1])) — Deriq(B, Ca(M][1]))
as claimed. ]

Hence, we can think of a lift ¢ € X5®M as being given by two derivations p : B —
QFMI1] and v : A — QF M[1] together with a homotopy

B 5 ax M)

1~

A —— QFMI1]

lying over the diagram in cCAlgg

A4, 4
A Al
B —— B

In particular, if A is formally étale this means that the space of lifts of ¢ is equivalent to
the space of lifts of B to an R@® M-coalgebra. In fact, this property characterizes formally
étale coalgebras, as we will see in the following proposition.

Proposition 4.19. Let R be a connective Eo-ring and A € cCAlgR' and write X(R) =
cCAlg®'. Then A is formally étale if and only if for every B € cCAlgy, M € Mod“"

— TM

and every morphism ¢ : B — A, the map TM (xa0)

(xal), induced by the evaluation

XA £ A s an equivalence.
Proof. Denote the fiber of the map
(XA EOM _y (xA")BEM o Deryy(B, CpM)

over some point B’ € (DCAO)geaM by FM. Then by definition of the tangent complex

the map T(x Al) — T(A:g 20),, is an equivalence if and only if we have Fpg, ~ 0 for all
M € Mod%', B (XAO)§®M . The two pasted pullback squares

FM ———— (XAHESM —— Deryg(A, Ca(M[1]))
* — Derig(B, Cp(M[1])) —— Dery, (B, Ca(M[1]))
yield a fiber sequence

Fyr — Derig(A, Ca(M[1])) —2 Dery (B, Ca(M[1])).
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Hence, the “only if” direction holds. Moreover, we see that if F g,[ ~ ( for every M €
Mod§, B € (XAO)§®M and any morphism B %> A, we obtain a zigzag of equivalences

Dery (B, Ca(M[1])) & Deria(A, Ca(M[1])) = Dexg(0, Ca(M[1])) = #,
where 0 € cCAlg;, denotes the initial coalgebra. Thus, we have that
Der,(B,Ca(M)) ~ QDer, (B, Ca(M[1])) =~ *
as claimed. O

Corollary 4.20. Let R be a connective ring spectrum and A € cCAlgR' be formally étale.
For a square zero extension R" — R with fiber M denote by A" the essentially unique lift

of A to a connective R"-coalgebra. Then A" is also formally étale.

Proof. Let B — A" be any map of R" coalgebras and write X(—) = cCAlg®. Then for
any N € Mod%, we need to show that the induced map
T%l = T:Qéo
is an equivalence. Arguing as in the proof of Proposition [3.21] we see that NV sits in a
cofiber sequence
M ®@r (R®r1 N) - N - R®pn N,

where the R"-action on the outer terms factors through R. Thus, writing B’ ~ B ®gn R
and ¢’ = pgn : B’ — A and using that the tangent complex functors are excisive, we
obtain a commutative diagram

M R N ~ M R N ~
T (?R( ®RrnN) T ‘?R( ®grnN) TN ) ; TR@iRTIN TR@iRnN
xA XA xra xA xA
o ® @ @ ’

| | | w
M@r(RRpnN) | ~ M@r(RQpn N RRpnN  ~ R®pn N
TxAOR( r1 V) TxAOR( r1 V) ; TD]CVAO ; TXAORI TXAORI
B/ B B B B/
where the inner two horizontal maps in each row form a cofiber sequence. The outer
horizontal maps are the base change equivalences from Proposition and the outer
vertical maps are equivalences since by assumption A = A" ® gn R is formally étale. Thus,

the middle map ngcVA

1 — T;CVAO is an equivalence as well, so by Proposition 4.19| the R'-
B

coalgebra A" is forrﬁally étale. O

Corollary 4.21. Let A, B € cCAlg®' with A formally étale and let R" — R be a square
zero extension. Suppose we are given lifts A" and B' of A and B respectively to cCAlg®y.
Then the natural map

MachAlan (Blv A,) - MachAlgR (B’ A)
1s @ homotopy equivalence.

Proof. This is immediate from Proposition (|
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Proposition 4.22. Let R be a connective Eqo-ring, R — R a square zero extension
and denote by C C cCAlgh, the full subcategory spanned by those coalgebras A such that
A Qpn R is formally étale. Then the functor

€ — cCAlgi™™™ A Am R
18 fully faithful and essentially surjective. In particular the quasi-inverse defines a functor
W, : cCAIgS" ™ 5 cCAlgS,

which is fully faithful and satisfies W, (A) @rn R ~ A. Moreover, up to contractible choice
Wy, (A) is the unique connective R"-coalgebra with this property.

Proof. Combine Corollary and Corollary O

This means that we can lift étale coalgebras not just uniquely, but functorially against
square zero extensions. Since these lifts are again formally étale by Corollary we see
that we can iterate this process. This will be the main theme of the next section.

5. APPLICATIONS TO p-ADIC HOMOTOPY THEORY

For this chapter, fix a prime p. We first discuss deformations of coalgebras from [, to
the p-adic integers and further to the p-completed sphere Sz/v\ which leads us to the question
of how coalgebras behave with respect to p-completion. We introduce the notion of a p-
complete coalgebra and show that this is well behaved with respect to the deformation
theory discussed in the previous chapter. We then use this to iterate Proposition [4.22] and
prove our main results, namely the existence of Witt Vectors and spherical Witt Vectors
for formally étale coalgebras. Then we specialize to the case of homology coalgebras, show
that for a finite space X the coalgebra F,[X] is formally étale, and answer our initial

question about the relation between S[X]) and IF,[X]

5.1. Coalgebras and p-completion. We have seen that the functors that interest us
are all nilcomplete. For a nilcomplete functor X : CAlg®™ — 8§ and a connective Eqo-ring
R, we can construct lifts from X (moR) to X (R) inductively along the Postnikov tower

e — TSQR — TrglR — TS()R = 7TOR.

This is however not quite enough to obtain our goal of lifting from IF;,, to the p-completed
sphere, we first need to pass to Z, = 7TOS;)\. Explicitly, this means constructing lifts against
the tower

= Zp* = Zp* = Z)p — T,
which is clearly presents a different problem. With the machinery developed thus far, we

can already prove the following for a general deformation problem.

Proposition 5.1. Let X : CAlg™ — § be a cohesive functor and A € X(F,) such that
Tx, ~ 0. Then there exists a unique lift of A to a point in l'&lnX(Z/p”).
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Proof. Set Ay = A, we inductively construct lifts against the tower of square zero exten-
sions

= ZpE = TpE =T,
Suppose we have already constructed lifts Ay for k¥ < n for some n. Applying Proposi-
tion inductively, we get that

Fp ol
T, =Ty, =0.

Thus, since Z/p"*t — Z/p™ is a square zero extension with fiber FF,, Proposition
implies that the fiber
n+1
XEPT = fiba, (X(Z/p) = 2/p")

is contractible and we find an essentially unique lift A,,4+1. This proves the claim. O

Of course, for an arbitrary functor X : CAlg® — § the natural map X — lim X (Z/p™)
might not be an equivalence, meaning that in this generality we can only construct pro-p
objects of X using this inductive method. In fact, we have that cCAngp % @n cCAlgy /pn.
To remedy this problem we show that this limit admits a description via p-complete coal-

gebras. To do this, we first recall some facts about p-complete modules.

Definition 5.2. Let R be an E-ring, then M € Modp, is called p-complete if the limit
lim (.. 2 M 2 M)

vanishes. We denote the full subcategory spanned by the p-complete modules by (Mod R);Q.

Remark 5.3. The inclusion (Mod R)g — Modpg admits a left adjoint which takes a module
M to its p-completion given by the limit

lim (- - - — M/p? — M/p).

In fact, M is p-complete if and only if the natural map M — lim M /p™ is an equivalence.
This inherits a natural R;,\—module structure, thus p-completion also gives an equivalence
of categories (Modg);, =~ (Mod R) ) which allows us to identify these in what follows.

The tensor product of p-complete modules is in general not p-complete. However, the

category (Mod R)]/)\ admits a symmetric monoidal structure given by the formula
M ®(ModR)£ N = (M &® N);\

With this monoidal structure the p-completion functor Modr — (ModR)j’D\ is strong

monoidal, while the inclusion is only lax monoidal.

Definition 5.4. Let R be an E.-ring. We define the oco-category of p-complete R-
coalgebras is given by.
(CCAIgR);\ = cCAlg((ModR);\).

Warning 5.5. Let R be a E-ring. Notice that by our definition a p-complete R-coalgebra
is the same as a p-complete Rg—coalgebra and so we do not differentiate between the two
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notions. However, this is not the same as an R]/D\—coalgebra whose underlying spectrum is
p-complete. The process of p-completion does refine to a functor cCAlgp — (cCAlg R} )Q,
but it does not factor through the category cCAlg Rp-

We now show check that the assignment R — cCAlg%' is subject to the machinery of

deformation theory.

Lemma 5.6. The following statements hold:
(1) Suppose we have a pullback diagram of connective Eqs-rings
R —— 9

R—— S

such that the map moR — oS is surjective. Then the natural map
(cCAIgSH)) — (cCAIZH) X (contgeryy (cCALEZ))

is an equivalence.

(2) For every connective Eo-ring R, the natural map

(cCAlgR), — lim(cCAlg?? g),
is an equivalence.

Proof. Ad 1.: Arguing as in the proof of Proposition[4.]] it suffices to show that the strong

monoidal functor
(MOdR/);\ — (MOdR);\ X(Modg);ﬁ (MOdS/);\

is an equivalence. Indeed, given a point (M, N, h) in the pullback, the R'-module M X yg 5
N is again p-complete since p-completion commutes with limits. Thus, the inverse func-
tor of Proposition [4.1] also induces a functor on the categories of p-complete modules.

Moreover, we have that
(M xym@ps N) @ R), ~ My ~ M
((M XM®g N) QR S/);\ ~ Né\ ~ N,

where the first equivalences hold by Proposition and the latter since M and N are to
be p-complete. Finally, for M € (Mod R’)ﬁ, we compute that

(M ®@p R)Z/?\ X (M@ S)) (M ®@p Sl)]/?\ ~ (M Rr R XM®R/SM®R’ S’);\ ~ M];\ ~ M,

where we have again used the result of Proposition and the fact that p-completion
commutes with limits.

Ad 2: This uses the exact same arguments applied to the equivalence of Corollary ]
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Corollary 5.7. For any n € N, the functor
CAlg™ =8 R [(cCAlgH)N>"

1s coherent and nilcomplete.

We now prove the crucial p-completeness result for Z,-modules. As before this will
enable us to deduce the same result for coalgebras and allow us to tackle the actual

problem of comparing coalgebras over I, Z, and S;,\.

Proposition 5.8. Let Mod/Z\p C Modgz, denote the full subcategory spanned by the p-

complete Zy,-module spectra. Then the natural map

MOde — l'glMOdZ/pn N — (N Rz, Z/p")

restricts to a strong monoidal equivalence

(Modgz,);, ~ lim Modz, /p,n.

Proof. The functor admits a right adjoint which takes (M,,) € @n Modz/,n to the limit
lim,, M,, taken in the category of Z,-modules. Since p-complete modules are closed under
limits, the essential image of this functor is contained in Mod/Z\p. Moreover, if M € Mod/Z\p,

then we have that
lgl(M ®z, L/p") ~ mM/p" ~ M]' ~ M.
n n

Hence, the counit of the adjunction is an equivalence on p-complete modules. Conversely,
given (Ny) € Mk Modg,» write N = limy N. We want to show that, for every n the
natural map
N ®gz, Z/p" = Ny
is an equivalence. Since N ®z, Z/p" ~ N/p" and limits are exact, we have an equivalence
N ®Zp Z/pn ~ lim(Nk ®Zp Z/pn).
k>n

Thus, the unit of the adjunction may be written as

lim(Nk X7 Z/pn) — lim(Nk ®Z/ k Z/pn) ~ Nn

k>n P k>n p
and so has fiber given by

F, := lim (Nk ©g ) iD(Z/p" @2, Z/p" — Z/p”)) :
k>n

Now we compute the fiber of Z/pF ®z, Z/p™ — Z/p" as the module

Tor’ (Z/p", Z/p™)[1] = Z/p"[1].
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k—1

The reduction map Z/p* — Z/p is induced by the map of projective resolutions

ZPHZ

[

ZPHZ

3

hence, on Tor it induces the multiplication by p map
Z[p" = Tor"(Z/p*, Z/p") = Tor™(Z/p*~1 Z/p") = Z/p".
Thus, if we have ¥’ > k > n such that k' — k > n, the transition map
Fy = N @ Tor’ (Z/p*, Z./p") — Ny @ Tor?(Z/p*~1,Z/p") = F},

vanishes since the Tor-groups are p™-torsion. Choosing a cofinal subset S C Ny, such that
|k" — k| > n for any distinct k', k € S, we see that

lim Fj, ~ lim F}, ~ 0
kon F T kesk

vanishes. Thus, since limits are exact, the map N ®z, Z /p" = N, is an equivalence.
To see that the functor Mod%p — @n Modgz/,n is strong monoidal, we observe that since
cofibers and limits are exact, we have for each n equivalences

(M ®z, N))) @z, Z/p" ~ ﬁ]gn(M/Pk ®z, N/p*)/p"

= li]?a ((M/pn ®z, N/p") @z, Z/pk)
~ ((N ®z, Z/p") @z, (M ®z, Z/p")),,.

This proves the claim. O

Corollary 5.9. We have an equivalence of categories

(cCAng = L cCAlgy/pn A (A®g, Z/p")

with inverse taking a system of coalgebras (By,) to the limit lim,, B,, taken in the category

of (p-complete) Z,-modules, equipped with the induced p-complete Zy-coalgebra structure.
Proof. This follows from Proposition arguing as in the proof of Proposition ]

Corollary 5.10. Let X(—) = (cCAlg®™)A° and A € X(F,) such that Tx, ~ 0. Then the

space of lifts of A to a p-complete Zy-coalgebra is contractible
Proof. Combine Proposition [5.1] and Corollary [5.9} O

Corollary 5.11. Let ¢ : B — A be a map of connective, formally étale Fy-coalgebras.
Then the space of lifts of ¢ to a map of p-complete Zy,-coalgebras B' — A’ is contractible.
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Proof. Let X(—) = cCAlg™. By Proposition the natural map
Tonr — T
xa! 7 Ty
is an equivalence, but since B is formally étale we have Ty o 0. Hence, the claim follows
B
by applying Proposition to the functor XA and using Corollary [5.9 g

Having shown this, we can now construct a functor which is analogous to the classical

Witt-Vectors, which allow us to pass from étale F)-algebras to Z,-algebras.

Theorem 5.12. Let C C (cCAlg%;)g denote the full subcategory spanned by those coalge-
bras A for which A @z, Fy is formally étale. Then the base change functor

€ — cCAlgg™™ A Awy, F,
18 fully faithful and essentially surjective. In particular, the quasi inverse defines a functor
W, : cCAlgg™ — (cCAlgS )
which is fully faithful and satisfies Wy, (A) ®z, F, ~ A for every connective, formally étale
IFp-coalgebra A.
Proof. Combine Corollary and Corollary O

We now turn our attention to the leap from Z, to S;Q. The following proposition
shows that, for an arbitrary cohesive and nilcomplete functor, a Z,-valued point which
has vanishing F,-tangent complex admits a unique lift to a Sz/,\—valued point. This is
surprising, as we do not actually require any information about the Z,-tangent complex,

everything is determined by what happens modulo p.

Proposition 5.13. Let X : CAlg™ — 8 be a cohesive and nilcomplete functor and let
A e X(Zy) such that TXA@zpr ~ 0. Then A admits an essentially unique lift to X (S))).

Proof. We inductively construct lifts against the Postnikov Tower

e — TSQS]/)\ — Tglgl/)\ — TS()SI/?\ ~ Zp.
Write A = Ay, S, = TSnSZ/;, M, = ™S, and assume we have already constructed a
unique lift A,, to X(S,). Consider the square zero extension

Myyi[n+1] = Spy1 — Sh.

Since My, +1 = Tn4+15n+1 is concentrated in a single degree, the S,-action factors through
So = Zy,. Moreover, since 415,41 is of finite p-torsion, the action further factors through
7Z./p" for some k > 0. Thus, Proposition implies that we have an equivalence

TMn+1[n+1] ~ EnTMn+l ~ TMn+1
Xap Xap An®g, Z/pk

Arguing as in Proposition [3.21] with respect to the square zero extension

Fp — Z/pk — Z/pk_la



42 FLORIAN RIEDEL

we see that we have a cofiber sequence

TMn+1 ®Z/pk Fp

k—1
X — M M Sy BIP

An®g,, Z/pk =1 XAn®SnZ/pk XAn@SnZ/Pk_I

For the left hand term, Proposition [3.20] gives the equivalence
Mn+1®Z/kap Mn+l®Z/pk]Fp
XAn®an/pk_1 - TXA@ZP]FP o TXA@ZP]FP ®Fp (Mn+1 ®Z/pk ]Fp) =0,

where we have used that, since M, 1 is finitely generated, the F,-module M,, 11 ®; o+ Fp

k—1

is perfect. For the right hand term we replace My11 with My 11 ®z )k Z]p and repeat

the argument, inductively yielding equivalences

Mn+l Mn+1®Z/ka/pk_l Mn+l®Z/kaP
Ty ~ Ty ~. Ty
An®an/Pk An71®sn_IZ/Pk_1 A®Zp]FP

~ (.

In total, this shows that T)]}/‘Zz“[nﬂ} ~ (), and hence A, admits an essentially unique lift
to X (Sp+1). Thus, the fiber over A of the map

X(S)) =~ lim X (S,) — X(Z,)
is contractible and we are done. OJ

Lemma 5.14. Write X(—) = cCAlg™ and Y(—) = (cCAlg™")). Then the p-completion

map [ : X — X' induces an equivalence

M M
Tiwamye = Tyam) g,
for every Fp-module M, n € N and § € f)C(IFp)An.

Proof. For any F-algebra R the p-completion map gives an equivalence Modg — (Mod R)Q,
since multiplication by some power of p is nullhomotopic over IF,. In particular, this ap-
plies to the split square zero extension ), @M for any M € Mody, and so the natural map
X(F,®M) — Y(F, ®M) is an equivalence as well. Consequently, we also obtain natural
equivalences between the fibers

(02 = ()

which induces the equivalence of spectra

M M
T(JCA”)s - TWM)f(&)

as claimed. i

Corollary 5.15. Let X(—) = (cCAlgC_n)AO and A € X(F,) such that Tx, ~ 0, then the
space of lifts of A to a p-complete S?,—coalgebm s contractible.

Proof. Write Y (—) = ((CCAlgin)I/,\)AO. Then by Lemma we have an equivalence
Tx, ~ Ty, ~ 0. Hence, we can apply Proposition to obtain an essentially unique lift
A" € Y(Z,). Further applying Proposition to A’ yields our claim. O
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Thus, we can pointwise lift [F)-coalgebras with vanishing tangent complex to S]/Q\. If
we moreover consider formally étale coalgebras, we can make this lifting functorial in a

coalgebraic analogue of the Spherical Witt Vectors construction for E.-algebras over F,,.

Corollary 5.16. Let ¢ : B — A be a map of IF)-coalgebras such that A and B are formally
étale. Then the space of lifts of ¢ to a map ¢' : B" = A’ of p-complete S))-coalgebras is
contractible.

Proof. Let X(—) = cCAlg™ and Y(—) = (cCAlg™),. By Proposition the map ¢
admits an essentially unique lift to a point ¢ € H(Zp)Al. Moreover, Lemma yields an
equivalence Tx£1 ~ T‘A Al- Since both A and B are formally étale Proposition gives
equivalences

Tyar — Thpo ~0
x4 x4

Hence, we can apply Proposition to the functor Y2 and the point ¢ € HN, proving
the claim. ]

Theorem 5.17. Denote by C C (cCAlggé )1/9\ the full subcategory spanned by those coalge-
bras A such that A ®sp Fp is formally étale. Then the functor

€ cCAlgf;;fét A Agy T,
18 fully faithful and essentially surjective. In particular, the quasi inverse defines a functor
7f’t n
Wy :cCAlg%r; R (cCAlgglA’)l/)\

which is fully faithful and satisfies Wsp (A)®s, Fp ~ A for every connective, formally étale
[Fp-coalgebra A.

Proof. Combine Corollary [5.15] and Corollary O

5.2. Homology coalgebras. As observed in Example for every space X and every
Eo-ring R, the R-homology R[X] carries a natural R-coalgebra structure, which is a
stronger invariant than its underlying R-module. We now want to apply our results and
see what can be said about the deformation theoretic behavior of homology coalgebras.

To do this, we first need to compute the cotangent complex of the F,-cohomology.

Definition 5.18. A space X € 8§ is called p-finite if the following conditions hold:

(1) The space X is truncated.

(2) The set mpX is finite.

(3) For each n > 1 and = € X, we have that 7, (X, z) is a finite p-group.
We denote the full subcategory of 8 spanned by the p-finite spaces as §, and call S;,/ =:
Pro(8,) the category of p-profinite spaces.

Remark 5.19. We can regard S;/ as the category of “formal limits” of p-finite spaces
@Xa. As such there is a functor S;f — & which takes a formal limit to the actual limit
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in 8. This functor admits a left adjoint given by Y +— gn Y., where the limit runs

Yo—Y
over all maps from a p-finite space Y, to Y.

Lemma 5.20. Let X be a space and l'&nXa be its p-profinite completion. Then the natural
map of cohomology rings

colim Fy» — Fyf
s an equivalence.

Proof. This is immediate since the Eilenberg-MacLane spaces K (IF,,n) are p-finite. ]

Proposition 5.21. [Mandell, Lurie/ Let X be a space, then the Fy-cohomology Fff s a
formally étale F),-algebra.

Proof. Since the functor R — Lg,r, commutes with colimits, the claim follows from the

fact that Lyx /F, = 0 for every p-finite space X which is proven in |[Lurll, Proposition
p
2.4.12]. O

Thus we obtain the following result about the homology coalgebra of a finite space X
with coefficients in a connective F,-algebra R:

Corollary 5.22. Let X be a finite space and R be an Fp-algebra, then R[X] is a formally

étale R-coalgebra.
Proof. From Proposition [5.21| we get that
LRX/R >~ L]F;(/]Fp ®]Fp R ~0.

Since X is finite, the coalgebra R[X] is dualizable with dual given by RX, so the claim
follows from Proposition [4.13 O

Moreover, for the case R = I, we can use Theorem [5.17to give a partial answer to our

initial question about lifts of the coalgebra F,[X].

Corollary 5.23. Let X be a finite space, then Fp[X]| admits a unique lift to a p-complete
Sy -coalgebra given by Wep (Fp[X]) ~ (S[X]);. Moreover, for any other finite space Y the
natural map

Map(cCA]g%\ ) (SIY] )ps (S[X]))) — Mapccalg, (FplY], Fp[X])
1s a homotopy equivalence.

Proof. Combine Corollary and Theorem 5.1 O

6. WHERE TO GO FROM HERE

We finish our discussion by explaining some of the shortcomings of our results and
sketch a possible way to proceed towards a coalgebraic analogue of Mandell’s Theorem.

The first missing puzzle piece is the cotangent complex of a coalgebra A, which we have
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been unable to give a solid definition of. The second and more important one is the relation
to the coalgebra Frobenius. We conjecture that the class of perfect coalgebras defined via
this map give examples of non-dualizable formally étale coalgebras. In particular, this
conjecture would imply that the F,-homology of any space X is formally étale.

6.1. The cotangent complex of a coalgebra. One of the first questions that arose
during this project turned out to be one of the most subtle and tricky ones, namely:

Question 6.1. What is the cotangent complex of a coalgebra A?

Clearly, the existence of a single spectrum controlling the deformation theory of A would
be immensely useful. However, it is not immediately clear what the universal property of
such a spectrum should be, i.e. which space of derivations it should (co)represent. Some
inspiration can be gleamed from Proposition There we had seen that, for p: B — A

a map of R-coalgebras with A dualizable and M an R-module, we have an equivalence
Dery, (B, Ca(M)) ~ Map 4v (L av /g, 0 mapg(B, M)).

To get rid of the dependence on the second coalgebra B one is tempted to take B = R
such that mapr(B, M) ~ M. However, not every coalgebra A admits a map R — A,
much less a canonical one. The only natural choice for a map that is not the initial map
would yield the following:

Definition 6.2 (Preliminary 1.). Let R be an Eo-ring and A € cCAlgp. The cotangent

complex of A, if it exists, is the R-module L4 corepresenting the functor

Modgr — Modpg M s derig(A, Ca(M))

There are however several problems with this. Firstly, it is entirely unclear from the
definition whether L 4 vanishing would actually imply A being formally étale. Moreover,
in the dualizable case it would lead to the rather awkward formula

LA QLAV/R®A\/ A.

Although somewhat plausible, this again gives us little information about what can ac-
tually be deduced in the case that L4 ~ 0. This leaves us with several options, lest we
accept that there is no good notion of one singular cotangent complex. For one we could
work with coaugmented coalgebras, namely coalgebras together with a map R — A. For
the purpose of understanding homology coalgebras this would correspond to considering
pointed spaces instead of just spaces, an entirely acceptable compromise, but beyond the
scope of this paper.

A different approach would be to give up on the idea of corepresentability and instead

hope for a colimit preserving functor. For example, the functor

Modp — Modg M + Ca(M) := cofib(A S QX M).
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seems to have no chance of preserving limits, but since colimits of coalgebras are formed

underlying, colimits are not out of the race. This leads us to the following idea:

Definition 6.3 (Preliminary 2). Let R be an E.-ring and A € cCAlgp. We say that
A admits a cotangent complex L4 := C4(R) if the functor Cy(—) : Modr — Modpg
commutes with colimits. In this case we have Cq(M) ~ L4 ® M for every M € Modp

This definition is highly speculative, as the only coalgebras we know to admit a cotan-
gent complex in this sense are the formally étale coalgebras, for which the functor C_(A)
is constant. Conversely, if A admits a cotangent complex then L4 vanishes if and only
if A is formally étale. Hence, the spectrum L4 is precisely the obstruction to A being
formally étale, which is the kind of conceptual clarity we are looking for. While we lose
any direct comparison to the cotangent complex of AV this is not entirely surprising, since
the property of being formally étale is defined very differently for AY. Overall, we are left

with the following dream:

Conjecture 6.4. Let R be an Ex-ring. Then any A € cCAlgr admits a cotangent
complex in the sense of Definition [6.3

Whether this precise conjecture turns out to be true or not, the takeaway should be that
the modules C'4(M) are the obstruction towards A being formally étale. Moreover, while
the functor A — C4(M) is very complicated, the dependence on M should be relatively
tame. That is, for fixed A it should be possible to describe the functor M — Cy(M)
in terms of a formula involving C4(R). However, because C4(M) no longer has a direct
relation to any space of derivations or tangent complex, we cannot leverage results like
Proposition to obtain such a formula. We understand this as an indication that for
these questions, the formalism may have reached its limit.

6.2. The Frobenius. The most lacking thing about our results is the class of coalgebras
that we can currently apply them to. As of now, we are unable to give examples of
formally étale coalgebras which are not dualizable. In particular, we cannot describe the
deformation theory of R[X] for spaces X which are not finite. Attempts to reduce to
the dualizable case all seem to fail for the following reason: Even though we may write
X = colim_ X; where each Xj is finite, giving the formula R[X] = colim R[X;], there is
no reason why the functor Q= (M) : cCAlgp — cCAlgp should commute with colimits.
Indeed, write fys : R — R @ M for inclusion, then by definition Q*°(M) = far1f3;. The
functor fy, commutes with colimits, and from Proposition and the converse of the
adjoint functor theorem we can deduce that fj;; commutes with s-filtered colimits for
some regular cardinal x. Thus, the class of formally étale coalgebras is closed under -
filtered colimits, but & is, in general, not countable. This goes to show that the deformation
theory of non-dualizable coalgebras is richer and more interesting than that of the Ind-
completion of dualizable coalgebras and requires additional input. One contender for this

additional input is the Coalgebra Frobenius constructed by Nikolaus:
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Theorem 6.5 (Nikolaus). Let € = (cCAlgé‘é);\, then there exists a natural transformation

Yy +ide — ide which on an object A € € is given by the composition

®
Gyt A DAL (4EP)RCy Sy gopyiCy 2, 4
where the final map is the inverse of the Tate Diagonal, see ([NS17, Theorem III.1.7].
Given this map, we are naturally led to define perfect coalgebras as follows:

Definition 6.6. We say that A € (cCAlgéz )Q is perfect if the coalgebra Frobenius 1, :
A — A is a homotopy equivalence. We denote the full subcategory spanned by the perfect
coalgebras by (CCAlggg )Z/,\’perf C (cCAlgéZ )p-

Example 6.7. Let X be any space. Then (S[X]), is a perfect coalgebra since we have
that

SIX] ~ (Sg[co)l(im +])p (co)l(imS;\)g.

On S the map 1, is necessarily given by the identity, because S is the terminal p-

complete Sp-coalgebra. Thus, by naturality 1, is given by the identity on (S[X]); as

well.

We conjecture that this Frobenius map is related to the deformation theory of coalgebras
in a similar way to the Algebra Frobenius, in that it provides a sufficient condition for a

coalgebra to be formally étale.

p )
Yy : A — A induces the zero map on the R-module CA®ngp<M) = cofib(A4 ™2 QX (M)).

Conjecture 6.8. Let A € (cCAlggé)/\ then for any M € Modﬁf;, the coalgebra Frobenius

Corollary 6.9. If Conjecture [6.8 holds, then the base change functor
(cCAIgg )P — cCAlgf)  Am Awgy Fy
is fully faithful and factors through the full subcategory c(lAlgICF];’fét - cCAIg%I;.

Proof. Since v, : A = A is an equivalence it induces an equivalence on A ®sp F, and
thus on Cyg, ZA)Ipp(M ) as well. However, since it also induces the zero map on the latter we
get that C A8y Fy (M) ~ 0. Thus, A ®sy Fp is formally étale and the claim follows from
Theorem O

Combining this with Example would allow us to fully answer our initial question

about homology coalgebras.

Corollary 6.10. If Conjecture holds, then for any space X the Fp-chains F,[X] are
formally étale. In particular F,[X] admits a unique and functorial lift to a p-complete
Sy, -coalgebra given by S, [X] = Wsn (Fp[X]).

The fact that Conjecture @ needs to be checked for every connective F),-module should
be understood as an extension of our failure to find a cotangent complex. Indeed, if F),[X]
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admits a cotangent complex in the sense of Definition then to obtain Corollary it
would suffice to show that 1, induces the zero map on Cag,,F,(Fp) = Lag,,r,. However,
p p

even for this specific module the conjecture is difficult to attack from our present position.

The problem is the tricky right adjoint CCA]gFP ®F, — CCA]ng appearing in the definition

of CA®sgle (F,). Because there is no known formula for this functor, attempts to verify

the conjecture have thus far been unsuccessful in all non-trivial cases. This warrants

further investigation of the coalgebra Frobenius in general and Conjecture [6.4] as well as
Conjecture in specific.
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